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WHAT THIS BOOK IS FOR

Students have generally found topology a difficult subject to understand
and learn. Despite the publication of hundreds of textbooks in this field, each
one intended to provide an improvement over previous textbooks, students
continue to remain perplexed as a result of the numerous conditions that
must often be remembered and correlated in solving a problem. Various
possible interpretations of terms used in topology have also contributed to
much of the difficulties experienced by students.

In a study of the problem, REA found the following basic reasons under-
lying students’ difficulties with topology taught in schools:

(a) No systematic rules of analysis have been developed which students
may follow in a step-by-step manner to solve the usual problems encoun-
tered. This results from the fact that the numerous different conditions and
principles which may be involved in a problem, lead to many possible differ-
ent methods of solution. To prescribe a set of rules to be followed for each of
the possible variations, would involve an enormous number of rules and
steps to be searched through by students, and this task would perhaps be
more burdensome than solving the problem directly with some accompany-
ing trial and error to find the correct solution route.

(b) Textbooks currently available will usually explain a given principle in
a few pages written by a professional who has an insight in the subject matter
that is not shared by students. The explanations are often written in an
abstract manner which leaves the students confused as to the application of
the principle. The explanations given are not sufficiently detailed and exten-
sive to make the student aware of the wide range of applications and differ-
ent aspects of the principle being studied. The numerous possible variations
of principles and their applications are usually not discussed, and it is left for
the students to discover these for themselves while doing exercises. Accord-
ingly, the average student is expected to rediscover that which has been long
known and practiced, but not published or explained extensively.

(c) The examples usually following the explanation of a topic are too few
in number and too simple to enable the student to obtain a thorough grasp of
the principles involved. The explanations do not provide sufficient basis to
enable a student to solve problems that may be subsequently assigned for
homework or given on examinations.

The examples are presented in abbreviated form which leaves out much
material between steps, and requires that students derive the omitted material
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themselves. As a result, students find the examples difficult to understand—
contrary to the purpose of the examples.

Examples are, furthermore, often worded in a confusing manner. They do
not state the problem and then present the solution. Instead, they pass
through a general discussion, never revealing what is to be solved for.

Examples, also, do not always include diagrams/graphs, wherever appro-
priate, and students do not obtain the training to draw diagrams or graphs to
simplify and organize their thinking.

(d) Students can learn the subject only by doing the exercises themselves
and reviewing them in class, to obtain experience in applying the principles
with their different ramifications.

In doing the exercises by themselves, students find that they are required
to devote considerably more time to topology than to other subjects of com-
parable credits, because they are uncertain with regard to the selection and
application of the theorems and principles involved. It is also often necessary
for students to discover those “tricks” not revealed in their texts (or review
books), that make it possible to solve problems easily. Students must usually
resort to methods of trial-and-error to discover these “tricks,” and as a result
they find that they may sometimes spend several hours to solve a single
problem.

(e) When reviewing the exercises in classrooms, instructors usually re-
quest students to take turns in writing solutions on the boards and explaining
them to the class. Students often find it difficult to explain in a manner that
holds the interest of the class, and enables the remaining students to follow
the material written on the boards. The remaining students seated in the class
are, furthermore, too occupied with copying the material from the boards, to
listen to the oral explanations and concentrate on the methods of solution.

This book is intended to aid students in topology overcoming the diffi-
culties described, by supplying detailed illustrations of the solution methods
which are usually not apparent to students. The solution methods are illus-
trated by problems selected from those that are most often assigned for class
work and given on examinations. The problems are arranged in order of
complexity to enable students to learn and understand a particular topic by
reviewing the problems in sequence. The problems are illustrated with de-
tailed step-by-step explanations, to save the students the large amount of
time that is often needed to fill in the gaps that are usually found between
steps of illustrations in textbooks or review/outline books.
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The staff of REA considers topology a subject that is best learned by
allowing students to view the methods of analysis and solution techniques
themselves. This approach to learning the subject matter is similar to that
practiced in various scientific laboratories, particularly in the medical fields.

In using this book, students may review and study the illustrated prob-
lems at their own pace; they are not limited to the time allowed for explain-
ing problems on the board in class.

When students want to look up a particular type of problem and solution,
they can readily locate it in the book by referring to the index which has been
extensively prepared. It is also possible to locate a particular type of problem
by glancing at just the material within the boxed portions. To facilitate rapid
scanning of the problems, each problem has a heavy border around it. Fur-
thermore, each problem is identified with a number immediately above the
problem at the right-hand margin.

To obtain maximum benefit from the book, students should familiarize
themselves with the section, “How To Use This Book,” located in the front
pages.

Special thanks are due to Dr. Nathan Busch for his technical editing of
the book.

Max FogGieL, Ph.D.
Program Director



HOW TO USE THIS BOOK

This book can be an invaluable aid to students in topology as a supple-
ment to their textbooks. The book is subdivided into 19 chapters, each deal-
ing with a separate topic. The subject matter is developed beginning with the
fundamental concepts of sentence calculus, sets, mappings, and extending
through metric and topological spaces, continuity, homeomorphisms, axi-
oms, compactness, connectedness, and homotopy theory.

TO LEARN AND UNDERSTAND
A TOPIC THOROUGHLY

1. Refer to your class text and read the section pertaining to the topic.
You should become acquainted with the principles discussed there. These
principles, however, may not be clear to you at that time.

2. Then locate the topic you are looking for by referring to the “Table of
Contents” in front of this book, “The Topology Problem Solver.”

3. Turn to the page where the topic begins and review the problems under
each topic, in the order given. For each topic, the problems are arranged in
order of complexity, from the simplest to the more difficult. Some problems
may appear similar to others, but each problem has been selected to illustrate
a different point or solution method.

To learn and understand a topic thoroughly and retain its contents, it will
be generally necessary for students to review the problems several times.
Repeated review is essential in order to gain experience in recognizing the
principles that should be applied, and in selecting the best solution technique.

TO FIND A PARTICULAR PROBLEM

To locate one or more problems related to a particular subject matter,
refer to either the index, located at the back of the book or the indexes found
at the beginning of each chapter. In using the indexes, be certain to note that
the numbers given refer to problem numbers, not page numbers. This ar-
rangement of the indexes is intended to facilitate finding a problem more
rapidly, since two or more problems may appear on a page.

If a particular type of problem cannot be found readily, it is recom-
mended that the student refer to the “Table of Contents” in the front pages,

vi



and then turn to the chapter which is applicable to the problem being sought.
By scanning or glancing at the material that is boxed, it will generally be
possible to find problems related to the one being sought, without consuming
considerable time. After the problems have been located, the solutions can be
reviewed and studied in detail. For this purpose of locating problems rapidly,
students should acquaint themselves with the organization of the book as
found in the “Table of Contents.”

In preparing for an exam, locate the topics to be covered on the exam in
the “Table of Contents,” and then review the problems under those topics
several times. This should equip the student with what might be needed for
the exam.
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® PROBLEM 1-1

Let a, B, v, ... denote sentences, each of which has one of two logical
values 0 or 1. We assign the value 0 to a false sentence and 1 to a true
sentence. To express the fact that o is a true sentence we write

a=1or =0 (1

if B is false.

We consider here only sentences of mathematical nature, i.e., sen-
tences which take values either 0 or 1. For example, the sentence: “two
times two is four” is (no doubt) a true one. On the other hand, the
statement: “Goethe is a great poet” is not a sentence even though most
people would agree that he indeed was a great poet.

Define the sum, the product and negation of sentences and establish
the truth tables for each case.

SOLUTION:

If o and P are two sentences, then the sentence “a or §,” denoted by a v
B, is called the sum of a and . The sentence “a and f,” denoted by a A B, is
called the product of a and B. Clearly, the sentence o v f is true if at least one
of the components is a true proposition. It has 2 x 2 = 4 logical possibilities.

Table 1
a B avp
1 1 1
1 0 1
0 1 1
0 0 0

Sentence o A B is true if both factors are true sentences.

Table 2
a §] anf
1 1 1
1 0 0
0 1 0
0 0 0



The sum and product of sentences are commutative and associative, i.e.

avP=pva, arP=pra 2)
avBvy)=@vB vy an@an=(@ap)rr. ()

The distributive law holds
anrn(Bvy)=(@aarp)v(any). (4)

In the above formulas we used the equivalence sign =. The equivalence
o = f holds, if and only if o and f have the same logical value. The
operation of negation of a sentence o denoted by a” (or by | a or ~ ) is de-
fined in such a way that if a is true, then o” is false, and if o is false, then " is
true.

Table 3
o o
0 1
1 0

From this we obtain the law of double negation

a”=a. (5)

® PROBLEM 1-2

Using the logical notation introduced in Problem 1-1, write down two

fundamental theorems of Aristotelian logic. Prove thata v 1 =1, a A 0
=0.

SOLUTION:

The first theorem is called the law of the excluded middle (principium
tertii exclusi) and, in classical logic, is formulated in the following manner:

From two contradictory sentences, one is true.

Let o represent a sentence, then o” is its contradiction. The law can be writ-
ten as

ava =1. (D

The second theorem, called the law of contradiction, states: no sentence can



be true simultaneously with its negation. It can be written briefly as follows:
anro =0. 2
Let us examine the truth table for the statement a v 1:

o avl

1 1
0 1

Hence, a v 1 is a statement which is always true.

avl=l. 3)
Similarly, the truth table for o A 0 is
o an0l
1 0
0 0
and
aan0=0. 4

® PROBLEM 1-3

So far, we defined three operations on sentences: product, sum and
negation. By applying DeMorgan’s laws we see that the number of

these fundamental operations can be reduced to two.

SOLUTION:

DeMorgan’s laws play an important role in mathematical logic. They can
be formulated as follows:

(avp)y =a ap’ (1)
(aaP)y=a’ vp. 2

The first law (1) asserts that, if it is not true that one of the sentences o and
is true, then both of these sentences are false and conversely.
Taking the negation of (1) we obtain:

(avpB) =avp=(a’Ap). €)
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Equation (3) can be treated as a definition of the sum of sentences.

Here, the sum is defined in terms of two operations: product and nega-
tion. Hence, we limit the number of fundamental operations to two, product
and negation. Similarly, taking the negation of (2) we obtain

aArB=(a vp). C))

Now, the product is defined in terms of sum and negation. Again the number
of fundamental operations is reduced to two. Product is defined with the aid
of sum and negation. It is easy to verify DeMorgan’s laws using the truth
tables.

Table 1
for (a vpP) =a AP’
a § (avB) o’ Ap’
1 1 0 0
: 0 o | [ o
0 1 0 ij 0
0 0 1 1
Table 2
for(anf) =a"vp”
o B (anB) a’vp’
1 1 0 0
! 0 I
0 1 1 ’E] 1
0 0 1 1

® PROBLEM 1-4

Generalize DeMorgan’s laws for n components.

SOLUTION:

DeMorgan’s laws state that

(0, va) =a, ra, (1)
(o, A0) =0a,"va,. 2
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We shall generalize (1) for the system of n sentences: o, o, ..., @, .

n

(a,va,v..va vo)=[ava,..va )vao] = 3
The sum of the sentences is associative. Applying (1) to (3) we find
=(o,va,v..vao ) Ao =
=[(a,va,v..va JJva ]'rq’'= 4)

Applying (1) again we obtain
(0, va,v..va )Yara '=( va,v..vao )aa, ra’, . (5)

Observe that applying the above procedure to the sentence (o, v o, Vv ...
va),(n-1)times we find

(a,va,v..va) =a ' Aa, A...ra’. 6)

Now, take the negation of the product, (o, A &, A ... A @, )". Since the product
is associative, we have

(a,ho,n...na) =[(a,ra,a..no Jra] = (7)

Applying (2) to (7) we obtain

s(a,A0,A.. A0 ) Vva = (8)
This procedure can be repeated again:
=[(a,Aa,n...h0 )r0 'vao =
=(aqA...AQ ) va va's= (9)
After (n — 1) steps we obtain
(@, Aa,n...ra) =a'va, v..va (10)

® PROBLEM 1-5

Another important operation on sentences is implication. It is defined
by

(=) =(a"vp) 1)

The sign “=" is read “implies” or “if ..., then ...”.

1. Write the truth table for the implication o = 3.

(13

2. Explain the difference between “if ..., then ...” as defined in a
strictly mathematical way by (1) and everyday “if ..., then ....”
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3. Show that

if o = p and p = a, then o = f.

SOLUTION:

Let us start with the truth table for o = .

Table 1
o B (a=>Pp)=(a"vp)
1 1 1
1 0 0
0 1 1
0 0 1

1. The implication o = P is always true, except when « is true (ot = 1) and
is false (f = 0).
2. Implication has properties similar to deduction. There is, however, a
small but significant difference. Let o denote the statement “The sun is shin-
ing” and let § denote the statement “I am swimming.” The statement “If the
sun is shining, then I am swimming” makes sense. When is such a statement
false?

When the sun is shining, I am not swimming, i.e., @ A " = 1. But, that is
equivalent to

I’'=0=(anrf)Y=a"vp (3)

in agreement with Table 1. In everyday language a sentence of the form “If
a, then $” means that f§ is true whenever « is true. In such a case, the state-
ment “If two times two is five, then Paris is the capital of Germany” is re-
garded as nonsense, since both components are false.

The same statement, in terms of formal language, not only makes sense
but is also true. To each of the four possibilities shown in Table 1 (for o = p),
the system of formal language assigns either 0 or 1, even though two of the
cases (¢ =0 and $ =0, a = 0 and B = 1) appear to be pure nonsense in ordi-
nary language.

3. To prove (2), note that

(a=Pp)and(p=a)= (" vp)Aa (B vo)=
=@ AB)V@AR)VEABIVBAa)=
=("AB) v (AP 4)



The sentence (" A B7) v (o A P) is true when both components o and f
have the same logical value; i.e., they are both true or both false.
Hence,

ifa=>pand =0, thena=p. 5)
Symbols < and = may be used interchangeably.
The symbol < is read as: “if, and only if,” and indicates iniplication in

both directions. Sometimes, instead of if, and only if, we write iff.
Table 2 lists the symbols used so far.

Table 2
Symbol Meaning
o, B0, ... logical sentences
“or ~or] negation (not)
sum (or)
product (and)

implication (if ..., then ...)
iff (if, and only if)

0u><

® PROBLEM 1-6

1. Prove the syllogism law (sometimes called the law of implication):

Ifa=Pand fp=>y,thena=y. @))

2. Prove the law of contraposition, which is the basis of indirect proof
(proof by contradiction, reductio ad absurdum):

(a=p) = (P =a). (2
3. Prove the law of Duns Scotus:
If a =0, then o = . 3)
4. Prove the law of Clausius:

If a” = P for each B, then a = 1.

SOLUTION:

1. Let us write (1) in the form

[(@ v AP vI=(a V) ®)




Note that the implication o = B is always true, except in the case when o =1
and B = 0. Suppose

(@vpAa@P vy=1l and a’"vy=0. (6)

From a” v y = 0, we conclude that a = 1 and y = 0. Substituting into (6) we
obtain

Ovpe)APB v0O)=1 or AP =1 @)

which is a contradiction.

2. = We shall prove that

(a=p)= (P =a) )
which is equivalent to
(a=p) v (P =a) )
and to
(@ vp)y v(pva) (10)
and to
(anrB)v(a vp). (11)
The last statement is true for any combintation of a and .
= (B"=a)=(a=p) (12)
or
Bva) v(a vp) (13)
or
B rAa)v(a vp)=1. (14)
n
3. Suppose a =0, then a” = 1. Therefore
(a=p)=(a"vp)=1 (15)
4. Ifforfp=0andf =1we have
(0"=p)=(avp)=1 (16)
then
a=1. (17)



Throughout this book we will be using a box (m) to indicate the end of a
proof, theorem, or definition.
Note that there is a shorter way to prove (2)

(a=B)=(p" va) (18)
Indeed,
(@"vp)=B"va). (19)

® PROBLEM 1-7
Prove that:
. a=avp

. a=>0

. anf =>anf

. aAB=p

SOLUTION:

1. We shall apply the definition of implication (see Problem 1-5, (1))
(a=>Bf)=a’vp. (5)

(a=avp)sa'vavp=(a va)vpB=

=lvfp=1. 6)
Here, we applied the law of excluded middle (see Problem 1-2, (1)).

2. (a=>a)=a’'vas=l. @)
3. In (2) we can replace a by a A P to obtain (3).

4. (araB=PB)=(arB) vps=
=a’vp vp=1l ®)
In (8) we applied DeMorgan’s law (See Problem 1-3, (2)).
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Note that each of the above problems can be solved “automatically”
using the truth tables.

Table
o B avp anaf a=avfpf aoa=>a aAP=arP arBf=p
1 1 1 1 1 1 1 1
1 0 1 0 1 1 1 1
0 1 1 0 1 1 1 1
0 0 O 0 1 1 1 1

Now it should be clear why this system is called a formal language.

® PROBLEM 1-8

1. Prove that:

(a=pf)=(ary=PFnrY).

2. Prove that:

(@=P)= (@nB)v(a AB).

SOLUTION:

1. From the definition of implication, we conclude that statement (1) is
equivalent to

(a=P) v(aay=pAry) (€)
which is equivalent to
(@ vp) vi@ay) vBayl “)
From DeMorgan’s law, we find that (4) can be replaced by
(@AB) v(a vy)v(Bay) ©®)

Statement (5) is always true. Indeed, it is true when a” = 1 or y” = 1. Suppose
o0’=0andy =0,thena=1andy=1andforany B, (1 AB)v({Pal)=1.
Thus

(@rAp)v(@vy)v(Bay)=1 (6)

2. Remember that = can be replaced by <> (See Problem 1-5). Then
(a=p)=(a=pP=@=pfHrP=0)=

11



s(@vpaP va)ys@ap)v@ra)vBap)v(aap)s=
=(a"AB) v(anap). @)

As always, the proofs can be carried out by means of the truth tables.

® PROBLEM 1-9

1. Prove that if o = @, then
anrfB=a
and

avp=p.

2. Prove thatif o =  and y => 9§, then

any=>pnAd

avy=pvd.

SOLUTION:
1. Since o = , we have
a’vp=s1l )
and
a=anrl=an(@ vB)=s(ara)v(oap)s=
=anf. 6)
Similarly, since a” v § = 1 we obtain
(@vp)y=aap =1"=0 (7)
and
p=BvO=pv(aap)=avp. ®)

2. Since a => B, then for any sentence y we have
any=0Ay. &)

See Problem 1-8, (1).
Similarly, since y = 0, then

Bay=pnad. (10)
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Combining (9) and (10) we obtain, by virture of Problem 1-6,

any=pBA0d. (11)
To prove (4), note that
(a=p)=(p" =a) (12)
(¥ =9)=("=7Y). (13)
Applying (11) to (12) and (13), we find
B Ad =a ay. (14)

Applying the law of contraposition (Problem 1-6), (2)) to (14) we obtain
from (14)

(@ AY)Y =B Ard) (15)
or
(avy)y=(Bv9I). (16)

® PROBLEM 1-10

Prove the law of absorption:

a=av(@aB)=ana(avp)

and its more general version

av(Bay)=(avp)alavy).

SOLUTION:
We have
arn(avB)=(@ra)v(aapB)=av(aap). 3)
Now we shall show that
a=av(anap). C))
Indeed, if a = 1, then
av@aB)=slv(lapf)=l=a. 5)
If a =0, then
av(@ap)=0v(O0ap)=0=o. (6)
That completes (1).

To prove (2), note that

13



(@vB)a@vy) =[ar(@v]vBa(avy)= (7
By applying (1) we obtain
sav[pa(@vyl=av@ap)v@ay=

=[av(aaB)] v(Bay)= (8)
Again, by applying (1), we obtain from (8)
(avpya(@vy)=av(PBay. )

® PROBLEM 1-11

The symmetric difference of the sentences o and f is defined by

(@+P)=[(arB)v(a AP (D

Prove that:

avpB=[(a=+p)+(anp) )

SOLUTION:

The easiest way to prove (2) is to establish the truth table and to compare
the corresponding values. The truth table for a + p is:

Table 1
a §] anp’ a’ AP o+ P
1 1 0 0 0
1 0 1 0 1
0 1 0 1 1
0 0 0 0 0
Utilizing Table 1, we obtain
Table 2
a B avp (a+p)+=(anpP)
1 1 1 1
1 0 1 1
0 1 1 1
0 0 0 0

14



By comparing the results of the last two columns of Table 2, we find that (2)
is true.
We can also carry out the proof of (2) without the use of the truth table.

(a+P)+(@apy=[a+p)r(arp)]vi@=p) a(arp)] =
={[(caB)v (@ AP)]A(a vB)I}v
V{l(@aB)v (@ APl r(arp)}=

= [(@vB)IA (@ap)]v(@ vB)a(a vp)v
V[(@aB) a(a aB) alanp)]=
=(@Ap)v(@ AP v@ vP)a(avp)a(anp)=
=(anrB)v@aB)v(aap)s=
s(arP)vpar(aval)ls=
=fv(aap)=avp. (3)

® PROBLEM 1-12

The digital (logic) circuits operate in the binary mode where each input
and output voltage is either 1 or 0. This enables us to use Boolean
algebra, which differs from ordinary algebra in that Boolean variables
and constants are only allowed to have two possible values, 1 or 0. The
voltage values in the circuit are predetermined, in the sense that any
voltage in the range of OV to 0.5V corresponds to “0” and any voltage
in the range of 2V to 6V corresponds to “1.” The values between 0.5V
and 2V should not occur in the circuit. Table 1 lists some commonly

used terms.
Table 1

Logic 1 Logic 0

True False
On Off
High Low
Yes No
Closed switch Open switch

1. Describe the OR gate.
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2. Describe the AND gate.

3. Describe the NOT gate (inverter).

SOLUTION:

1. In a digital circuit, an OR gate has two or more inputs, and one output is
equal to the sum of the inputs.

ol B avpP=x
o 1 1 1
B B x=ovp 1 0 1

0 1 1

0 0 0

FIGURE 1

Figure 1 shows the symbol of the OR gate with two inputs and its truth
table.
An OR gate with 4 inputs is shown in Figure 2.

o =R ™ Q

o——
x=avBvyvd
-—

FIGURE 2

2. A two-input AND gate and its truth table is shown in Figure 3.

a B anp
o AND oanP 1 1 1
p o— 1 0 0
0 1 0
0 0 0
FIGURE 3
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3. The NOT gate (inverter) has one input and one output.

FIGURE 4

® PROBLEM 1-13

1. Replace the following digital circuit with the simpler one:

)= per |

FIGURE 1

2. Illustrate DeMorgan’s law using logic gates.

SOLUTION:

1. The circuit shown in Figure 1 has two inputs, one output, and it performs
the function described by

(B Aa) (e vp). 1)

By applying DeMorgan’s laws and some basic properties of sentence calcu-
lus, we obtain

(B na) (e vE) =(Bva)a(anp)s
=[(arp)aBlvi@rp)ra]=
s(aApAB)v(ara Af)s=
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=(@A0)v(O0AB)=0vO=0. )

No matter what the input, the output is always 0. To construct a circuit
equivalent to the one shown in Figure 1, all that is needed is wire. See Figure
2.

—— = Output

FIGURE 2

Luckily, not all of the computer logic circuits can be simplified to such an
extent.

2. We will build the circuit for

(@AB) =o' vp. 3)
o o] o
O, 2T
(a) (b)
FIGURE 3

Circuits (a) and (b) shown in Figure 3 are equivalent.
Now we will build the circuit for

(avpB)y=a aAp. 4)
By b o
(a) (b)
FIGURE 4

Circuits (a) and (b) of Figure 4 are equivalent.
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® PROBLEM 1-14

Design the circuit that implements the expression

1. (@ AB)v (B AV]-

2. [(a AP

AY) V(A B AY.

SOLUTION:

1. Step by step we shall move

a’, which is realized by

o ’: o’

o’ A B is realized by

-

B’ is realized by

B” A v is realized by

Y

19



(a” A B) v (B Avy)is realized by

| | (" AB) v (B AY)

[(@” A B)v (B AY)] isrealized by

« o PLLLCEL MY

P >
Y e \ T

B Ay [(@"AB)v (B AV

FIGURE 1

2. o A B A yisimplemented by

; :D_a‘i:)_“_ﬁw

Y .

o’ A B is implemented by

e D NS
B~_[>°__|—D_.B
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[(@AaPBAay)v(a AB)] Ay isimplemented by

anpPay

/ @ABAY V(I AP)

S X

NS I a AP’
D" N
N
V- (@ABADV @ ABNATY
FIGURE 2

Note that since

[(@ABAY) V(@ Ap) Ay =

=(@ABAYAY)V (@ AR AY) = ABIAY 3)

the circuit in the last part of Figure 2 can be replaced by

e e @ A
ey
>

FIGURE 3

® PROBLEM 1-15

1. Define NOR and NAND gates.

2. Show that any logic circuit can be built exclusively with the NAND
gates.

SOLUTION:
1. NOR gate consists of OR gate and an INVERTER.
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o (v PB) a B avp (avp)
0 1 1 0
® 1 0 1 0
* @B o o o 1
o) ¥
(b)

FIGURE 1—NOR Gate

Both figures represent the same logic circuit. The symbol in Figure (b) is
used for convenience.
NAND gate and its symbol are shown in Figure 2.

Ty b @ B oand
B oo J 1 1 1 0

(@) 1 0 0 1

0 1 0 1

& — - 0 0 0 1
s | )

(b)

FIGURE 2—NAND Gate

2. All Boolean expressions consist of various combinations of the basic
operations of OR, AND, and INVERT. Thus, any circiut can be implemented
using OR, AND, and INVERT gates. It is possible, however, to build any
logic circuit using only NAND gates. Using NAND gates, we can design any
logic operations OR, AND, and INVERT.
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p Q
Q\
R
R

(a) INVERTER

Indeed (ara) =a’

O D

(b) AND Gate

Indeed [(@AaB)y A(@aB)] =(@aaB)v(aarB)=anf.

T avb_ o avp
B . 3_,_:}“ ) O

(c) OR Gate

Indeed [(arAa) ABAB)T =@ AB) =avP.
FIGURE 3

NAND gates can be used to perform any Boolean function.
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® PROBLEM 1-16

1. Design a logic circuit that implements the function

(A B) v (yAd). €))

2. Suppose you have the TTL IC’s shown in Figure 1 at your disposal.
Each IC is a quad; that is, each chip contains four identical two-input
gates. Using the minimum number of IC’s, design the circuit which
performs function (1).

u 13 2 1" 10 » .
Vee

GND

[

FIGURE 1a — IC 7432

ERE
DRERN
: rnr—r‘qjﬂn ]

FIGURE 1b — IC 7408

PEN

FIGURE 1¢ — IC 7400
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SOLUTION:
1.

@AB)vyad)

1]

O

FIGURE 2

o

Figure 2 shows the circuit implementating operation (o A f) v (y A 0).

2. From Figure 2 we conclude that in order to build the circuit (1), we have
to use two gates from IC 7408 and one gate from IC 7432, as shown in

Figure 3.

7408

)7

7408

1]

FIGURE 3

Each AND gate and OR gate can be replaced by a combination of NAND
gates (See Problem 1-15).

AND OR

s 1 > > >
] bl -

Double inversion

FIGURE 4
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By eliminating double inversion, we obtain

o e
T
‘ @AB) V(YA D)

FIGURE §

o <

Now to implement the operation, we only need three NAND gates. There-
fore, instead of using two IC’s as in Figure 3, we can use one IC 7400, as
shown in Figure 5 and Figure 6.

!

BT T TT T A |
Acal vy
[] r_r'?:lw [] EF?;L ol

L]
y OUTPUT

IC 7400

OUTPUT =(a A B) v (Y A D)

FIGURE 6
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® PROBLEM 2-1
Which of the following statements is true?

1. 7€ A, where

A={x:xENand5<x<8}

and N is the set of natural numbers.

2. B =4, where
B={x:x+1=5}.

SOLUTION:

The theory of sets was founded and developed into a mathematical sys-
tem by G. Cantor (1845-1918). According to him, we are to understand by a
set — a collection into a whole, of definite, well-distinguished objects (called
the elements of A) of our perception or of our thought.”

For example, the set of vertices of a square consists of four elements. The
set can be defined by listing its elements.

For example:

A = {John, seven}

is the set consisting of two elements: John and seven. The statement “x is an
element of A” is written

xEA.
The negation of the statement x €A is
x €& A.

The other way to define a set is to characterize the properties (or property) of
its elements.

A= {x:p()}.

If x E A, then p(x) is true (p(x) = 1).
For example:

N = {n: nis a natural number}.
1. The set A consists of two elements
A ={6,7}.
Thus
7EA.
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2. The set B consists of a single element
B = {4}.

The number 4 belongs to the set B, 4 € B, but it does not equal B. The state-
ment B = 4 is not true.

® PROBLEM 2-2

Show that equality of sets is reflexive, symmetric, and transitive, i.e.,
show that

1. A =A for all sets A.

2. If A=B,then B =A forall sets A, B.

3. IfA=Band B =C,thenA = C for all sets A, B, C.

SOLUTION:

Two sets, A and B, are said to be equal, A = B, provided that they contain
the same elements. From this definition we conclude that:

1. x €A if and only if x E A, thus
A=A
Frequently, instead of writing if, and only if, we shall use iff.
“iff” = if and only if.

2. The statement x € A if and only if (iff) x € B is equivalent to x € B, iff x
EA.

3. (x€Aifandonly if x € B) and (x € B if and only if x € C) imply (x EA
if and only if x € C). Using the logic notation, we can write this statement in
the form

[(xeAiffxeB) A (xEBiffxEC)] = (xEA iffxEC)

or
A=B)AB=C)=A=0).

29



® PROBLEM 2-3

1. Show that inclusion of sets is reflexive, anti-symmetric, and transi-
tive; i.e.

a. ACA forall sets A.
b. ACBand BCA imply A = Bforall A, B.
c. fACBandBCC,thenA CC forall sets A, B, and C.

2. Prove

[ACB)A(BCC)A(CCA)=@A=B=C).

SOLUTION:
DEFINITION: INCLUSION

The set A is included in B; i.e., A is a subset of B, which is written as
A CBorBCA, when

xXEA=>xEB 2)
n
1. Obviously
x€EA)= (xEA) forall A. 3)
Hence A CA.

xEA=>xEB)A(xEB=>xEA)=>

(xeAiffxeB). 4

Hence ACB)A(BCA)=A=B. )
xEA=>xEBA(XxEB=xE(C)=>

(xEA=xEQ). (6)
Thus
(ACB)A(BCC)=>ACC. (7)

2. To prove that A = B, we must prove that x €A iff x € B. Since A C B, it is
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enough to show that BC A. But BC C and C C A, thus BCA. And
ACBandBCA=A=8B. ®)

Similarly, we show that B = C.
(CCAandACB)=CCB. C)]

Thus
(BCCand CCB)=C =B.

® PROBLEM 2-4

Using Venn diagrams, illustrate the union, intersection and difference of
two sets A and B.

Show that intersection is associative; i.e., that
ANBNO=ANBNC
for all sets A, B, and C.

SOLUTION:

The union of two sets A and B is the set whose elements are all the ele-
ments of the set A and all the elements of the set B and which does not con-
tain any other elements. The union of A and B is denoted by A U B; see Fig-
ure 1.

FIGURE 1. A U B is shaded.

The common part of two sets is called the intersection. The intersection of A
and B contains those, and only those, elements which belong to A and to B. The
intersection is denoted by A N B.
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FIGURE 2. A N B is shaded.

The difference of two sets A and B is the set consisting of those, and only
those, elements which belong to A, but do not belong to B. The difference is
denoted by A — B (sometimes A | B).

FIGURE 3. A - B is shaded.

Now we will use Venn diagrams to prove (1).

BnC

FIGURE 4.

From Figure 4 we conclude that
ANBNO=ANB)NC.
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® PROBLEM 2-5

By applying the sentence calculus, prove the following formula:

AUMANB)=A= AN(AUB). (1)

SOLUTION:

Operations on sets are related to operations on sentences. To denote that
x is an element of A we write

xXEA. 2)
Similarly
(xEA) = (x EA) 3)

where x & A means x is not an element of A.
The following equivalences hold for all x:

x€EAUB)=(x€A) v (xEB) 4
xEANB)=(xEA) A (xXEB) 6))
(x€EA-B)=(xEA) A (XEBY ©6)

Using formulas (3) - (6) we can deduce theorems on the calculus of sets from
analogous theorems of sentence calculus. Furthermore, let us note that

if x €A = x€ B holds for all x, thenA = B. @)
We shall now prove (1).
[xEAUANB)=(xEA)vV(XEANB) =

=(xEA) v [(xEA) A (xEB)] = (xEA). ®
Thus
AU NB) =A. &)
Similarly
xXEANAUB)l=(xEA)A(XEAUB) =
=s(xEA)A[(xEA) v (xEB)]=(xEA). (10)
Hence
ANAUB)=A. (11)
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Note that in (8) and (10) we applied the law of absorption of sentence
calculus.

av@apB)=a=aa(avp) (12)

® PROBLEM 2-6
Prove these basic formulas for unions and intersections:
1. AUA=A

ANA=A

} indempotency

. AUB=BUA
commutativity
ANB=BNA

. AUBUC) =(AUB) UC
associativity
ANBNC) =(ANB) NC
.AUuU@ANB) =A
adjunction
ANAUB) =A
. AUBNC) =(AUB)NAUCQO)

distributivity
ANBUC) =ANB)UANC)

SOLUTION:
1. xEAUA)=(xEA) Vv (xEA)=(xEA) 6)
Hence
AUA=A. @)
xXEANA)=(xEA)A(xEA)=(xEA) ®)
Hence
ANA=A. )
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From (7) and (9) we see that, in contrast to arithmetic, neither multiples nor

exponents arise in set theory.
2. x€EAUB)=(x€A)v (xEB)=

= (xEB)v (xEA) = (x EB U A).
Thus AUB=BUA.

(xEANB)=(xEA) A (xEB) =

= (xEB)A (xEA)= (x EBNA).

Hence ANB=BNA.

3. [xEAUBUC)=[(xEA)v(xEBUC)] =
=[x€EA)V(XEB)V(xECQ)=[(xEAUB)v(xEQ)]=
=[xEAUB)UC(]

Thus AUBUO=AUB)UC.
Replacing “v” by “A” in (14) we prove
ANBNO=ANBNC.

4. See Problem 2-5.

5. [xEAUBNCO)=[(xEA)v(xEBNC)] =

={(x€EA)V[xEB AEKEQ)]} =
={[(x€EA)v(XEB)|A[(xEA) v (xEQO)]} =

=(xEAUB A(xEAUC) =
=[xEAUB)N@AUC).
Hence AUBNC)= (AUB)NAUCQ).
[xXEANBUC)|=[(xEA) A (xEBUC)] =

={(xEA)A[xEB)v(xEQ)]} =
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={[(x€EA)AXEB)]V[xEA) AKXEDO)]} =
=[(xEANB)v(xEANC)] =
=[xEANBUMANC)]. (19)

Hence ANBUC)= ANB)UMANC). (20)

® PROBLEM 2-7

1. Find the elements of the set
A={x:x+1=3,x2=1}.

2. Prove that:
If A is a subset of the null set ¢, then A = ¢.
3. Prove that:
(A-B)NB=4¢.

SOLUTION:
DEFINITION OF THE NULL SET

The null set (or the empty set or the void set) is the set which contains no
elements. The null set is denoted by ¢. Often the null set is defined as

¢={x:x=x}. 3)

1. Number x, such that x + 1 = 3 and x? = 1 does not exist, hence
A=¢. (4)

2. The null set ¢ is a subset of every set, thus ¢ C A. But, by hypothesis,
A C ¢, therefore

A=¢. &)

3, [xE@A-B)NB]=
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=[(xEA-B) A(xEB)] =
=[(xEA)A(XEB)A(xEB)]=0. ©6)
Thus, the set (A — B) N B contains no elements

(A-B)NB=¢. 0)

® PROBLEM 2-8

1. Find the power set P(A) of the set
A=1{1,2,3}.

2. Find the power set P(B) of the set

B={1, {2, 3}}. )

3. Set A consists of 10 elements. How many elements does the power
set P(A) have?

SOLUTION:
DEFINITION OF POWER SET

The power set P(A) of A is the class of all subsets of A.
1. The subsets of A are:

O elements: ¢

lelement: {1}, {2}, {3} 3
2elements: {1, 2}, {1, 3}, {2, 3}

3elements: {1, 2,3}

Hence
P@A) = {¢, {1}, {2}, {3}, {1,2}, {1,3}, {2,3}, {1, 2, 3}} “4)

P(A) contains 2* = 8 elements.

2. Note that B contains only two elements, 1 and {2, 3}. Thus, its power set
P(B) is

P(B) = {9, {1}, {23}, {1, {2, 3}}}. ©)
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3. From the theory of permutations we have the equation for the number of
different combinations that can be formed from » different elements, using m
elements at a time.

n
() = T ®
where
nl=12 ... (n-1)n @)
and
0'=1.

Suppose set A contains # elements; then there are

n
(0) =1 subsets with 0 elements

n !
(1) = 1—’(%_—1-)'— = n subsets with 1 element

subsets with 2 elements.

(;) -2 (nn!- )0 n(nz_ >

The total number of subsets of a set A consisting of n elements is

NE (1) * (2) v ([ =y -2 ®)

Set A consists of 10 elements, hence its power set P(A) consists of 2'° = 1024.

® PROBLEM 2-9

If A is any non-empty set, then P(A) (or 24) is the power set of A. Prove
that:

1. 22N28=24N8 (1)

2. 2AU2B C2AUB )

3. Show that24 U28 =24V B €))
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SOLUTION:

1. Let o represent an element of 2* N 2% . Recall that the power set 2* of A
is the class of all subsets of A. Suppose a consists of elements p , p., ...

a=1{p,P,y -} 4)

Since o €2* and a € 2%, each of p, p,, ... belongs to A N B. Thus, o is a
subset of A N B and

A€ 2408 (5)
Hence,
2A N 28C 2A N B. (6)

Now, suppose oo € 24 " 5; j.e., o is a subset of A N B, and each element of
a={p,, p, ...} belongs to A N B. Hence, each of p , p,, ... belongs to A and to
B.

Therefore, o is a subset of A, a € 24; and « is a subset of B, o € 25.

a € 24N 28, (7
Hence,
24NBC24 N 28, 8)
From (6) and (8) we conclude that
2008 =241 28, )

2. Suppose a € 24 U 25; that is, o € 24 or a0 € 28, Assume o € 24, then o is
asubset of A. If o is a subset of A, then o is a subset of A U B and

aE2AVE, (10)
That proves
24 |y 28C DA UB. (11)
3. Now we shall show that
20U 28 =24 V8, (12)
LetA = {a}, B = {b}, then
24 = {9, {a}} (13)
2" ={¢, {b}} (14)
and A U B = {q, b}
2198 = {9, {a}, {b}, {a, b}}. (14)
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Hence,
24U 2° = {¢, {a}, {b}} (15)
and
2428 #2485 (16)

® PROBLEM 2-10
Prove the following formulas:
1. ANBCACAUB
2. A-BCA

3. IfACBand C CD, then
AUCCBUD
and

ANCCBND

. (ACB)=(AUB=B)=(ANB=A)

. AUB)NAUC)=AUBNC)

SOLUTION:
1. [xEANB] =[(xEA)A(XEB)]=(xEA) @)
Thus,

ANBCA 8)

x€A)[(x€A) Vv (xEB)] =(xEAUB) )

Hence,

ACAUB. (10)
2. x€EA-B] =[(xEA) Vv (xEB)]=>(x€EA) (11
Hence,

A-BCA. (12)
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3. We have to show that
AUCCBUD

[(ACB) A (CCD)]= and (13)
ANCCBND

[xEAUC] =[(x€EA) Vv(xE(]=>

= [x€B)v(x€D)] =(x€BUD) (14)
Hence,
AUCCBUD. (15)
x€EANC) =[(x€AAXEQ)] >
= [xEB)A(xED)] =(x€EBND) (16)
Hence,
ANCCBND. (17)

4. Suppose A C B; then from (A C B) and (B C B) we conclude that

(AUB)C(BUB)=B (18)
by virtue of (13). Butsince B C (A U B), we have
AUB-=B. (19)

Conversely from A U B = B, it follows that A C B. Hence, the relations
ACBand A U B = B are equivalent.

(ACB)=(AUB=B). (20)

Similarly, combining A C B with A C A, we obtain A C (A N B). Since
ANBCA,

A=ANB. (21)
Conversely from A = A N B we conclude that A C B.

5. AUBNAUCO)=(ANAUMANC)UBNAUBNC)=

=AUANC)UMANB)UBNC) (22)

ButA NBCA, hence, AUA NB)=AandA NCCA, hence, AUMANC) =
A. Thus,

(AUB)N(AUC)=AUBNC). (23)
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® PROBLEM 2-11

Prove the following formulas:

1. ANB=A-(A- B)

. AUB-A)=AUB

. A—-(ANB)=A-B

. ANB-C)=(ANB)-(ANC)

. AUB-C)=(AUB)-(AUC)

SOLUTION:

1.

Hence,

[xEA-(A-B)l=[(xEA) A xEA-B)] =
={(x€A)A[xEA)A(XEB)]}=
={(x€A)A[(xEA) v(XEDB)]} =

=[(xEA) A (xEB)] =(xEA N B). (6)

[xEAUB-A)]=[xEA) v (xEB-A)]=
={(xEA)V[xEB) A (xEA)]} =
={[x€EA)vxEB)|r[(xEA) V(xEA)]} =

=[(xEA) Vv (xEB)] =(xEA UB). )

AUB-A)=AUB. )

[xEA-ANB)=[xEAANEXEANB)]=
={(xEAAN[(xEA)A(XEB)]'} =

={(x€EAAN[(xEA) Vv(xEB)]} =
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={[(xEA)A(EA)]V[(xEA) ANEXEB)]} =

=[(xEA)A(XEB)] =(xEA-B). ®
Hence,
A-(ANB)=A- B. (10)
4. xeEANB-ANO))=[xEANBAXEANC)] =

=s{(xEAANEFEBAN[(xEAANEKEO)]} =
={(xEAANEEB)AN[(xEA)' V(XEC)]} =
=[(xEAAXEB)A(XEC)]=

=[(xEA) A (xEB-C)] =[xEAN (B-C)]. (11)

5. Suppose A, B, C are three disjoint sets as shown in the Venn diagram:

o
(0

FIGURE 1
Then
AU(B-C)=AUB (12)
and
AUB-(AUO)=B (13)
Hence,
AUB-C)=(AUB)-(AUQ). (14)
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® PROBLEM 2-12

In the theory of sets, we assume that all the sets under consideration are
subsets of some fixed set, called the space (or universal set). For ex-
ample, in geometry the space is the Euclidean space, and in analysis the
space is the set of real or complex numbers.

Throughout this book, all the sets considered will belong to the
space which we shall denote by (1). Hence

AC1 1)

for each of the sets considered.

DEFINITION OF COMPLEMENT OF THE SET

The complement of the set A with respect to the given space 1 is
denoted by A€ (or CA or ~A) and defined by

AC=1-A )

See Figure 1.
|

FIGURE 1.
We nave

x€A%) = xEA) =(x&A)

Prove that:
1€=¢, ¢¢=1

ACC = A

AUAC=1 ANAC=¢




SOLUTION:

From definition (2) we have

1€=1-1=¢ )
¢=1-9=1 ®

A = (A = (1 - A) =
=1-(1-A)=A ©)
AUAC=AU(1-A)=1 (10)
ANAS=AN(1-A)=¢ (11)

® PROBLEM 2-13
Prove DeMorgan’s Theorem:

1. (AUB)C=ACNBC

2. (ANBYC=ACUBC

SOLUTION:

L. xEAUBX]=[xE1-(AUB)] =
=[xEAUB] =[(xEA)v (xEB)] =
=[(xEA)Y AKX EB)]=[(xEA) A (xEB)] =

=[x € A° N B]. 3
Hence,
(AUB)=A“NB-. (€))

2. Similarly
xEANB]=[xE1-(ANB)]=
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=[xEANB]' =[(xEA) A (xEB)] =

=[(xEA)Y V(XEB)|=[(xE€EA) Vv (xEBY)] =

=[x EAC U B]. 5)
Hence,
(AN B)“=A“UB“. 6)
DeMorgan’s theorem can be generalized to any finite number of sets.
AUAU..LUA)=ANASN...NAC @)
ANAN...NA)=AUASU...UAC. t))

® PROBLEM 2-14
Prove that:
1. A-B=ANBC (1)

2. ACB if and only if B¢ CA¢ )

3. AC-B°=B-A 3)

4. Prove Equation (4) of Problem 2-11 using the notion of comple-
ment.

SOLUTION:

1. (xEANBY) = [xEA) A (xEBY)] =
=[*EA)A(xE1-B)] =s[(xEA) A xEB)] =
= (xEA-B). )
2. Here, we shall apply the law of contraposition:
if o = B, then B = o’ Q)
(ACB)=[(x EA) = (xEB)] =

=[xEB) = (x€EA)]=[x&B) = (x&A)] =
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=[(xE1-B) = (xE1-A4)] =[x EB) = (x EAY)] =

= (B°CA9). (6)
Thus,
ACB iff BCCA“. @)
3. (xXEA-B)=[(xEA)A (xEBY) ] =

=[(xE1-A)AEXELI-B)]=[(x€EA)'AXEB)"]=
=[(x EB) A (x € A)] = (x EB-A). 8
4. We have to prove that
ANB-ANC)=ANMB-0) 9)

By applying (1), we obtain
ANB)-ANC)=ANBNANCY=

=ANB)N[1-ANC)]=(ANB)NA‘UC)=
=ANBNAYUMANBNC=
=(ANANB)UANBNCY)=

=ANBNC=ANB-C). (10)

In (10), we used DeMorgan’s theorem.

® PROBLEM 2-15

LetAy, A,, ..., A, represent fixed subsets of the space 1. Let us denote
Ail = 1 _Ai =A,'C

Ai():Ai‘ (l)

A constituent of the space with respect to the sets A, A,, ..., A, is any set
of the form

i i i
AlNAIN..NA,
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where iy, ..., i, =1 or0. 2

1. Show that constituents are disjoint.

2. Prove that the union of all constituents is equal to 1.

SOLUTION:

i i i k k k
1. Let A/ NASN..NA and A, NA, N...NA, denote two con-

stituents. Then at least one index i, exists, such that
i =k. 3)

Then the intersection of these two constituents is
il iZ in kl kZ kn il kl
AI ﬂA2 ..NA, ﬁAl ﬂAz Nn..NA, ﬂAl ﬂA[ =

C
=...NA NA, =¢. “4)

2. Now we shall show that the union of constituents is equal to 1.

Let x € 1 represent an element of the space. We shall show that a con-
stituent exists, such that x belongs to this constituent. Consider the sets A , A,,
..-»A,. Two possibilities exist:

xXEA or x€&A,.
Ifx€A =A", weseti =0.If x¢€A,thenxE1-A =A "'and weseti = 1.

We repeat the above procedure for each setA , A, ..., A and obtain i,i
i . The element x belongs to

PYIERRY)

i

xEAI
xEA;
i"
xEA, (5)
Hence, ; ; ;
XEA'NASN..NA, (6)

Since x is an arbitrary element of 1, we conclude that the union of con-
stituents is equal to 1.
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® PROBLEM 2-16

Let A, B, and C represent the subsets of the space.

1. Find the constituents of the space with respect to the sets A, B, and C.

2. Represent the set
A-BUCO)

as the union of the constituents.

SOLUTION:

1. We shall consider all possible sets of the form

A'NB’Nnc’
where
i,L,i,=0or1and
A=A B°=B, C'=C
A'= A€, B'=B¢ C'=C"
The constituents are
ANBNC

ANBNC*
ANB‘NC
A°NBNC
ANB“NC*
A°NB‘NC
A°NBNC*

AN B“NC-.
2. Let us write A — (B U C) in the form

A-BUC)=(A-B)-C=(ANB)-C=

=A N BN CE.
Note that A N B¢ N C€ is itself a constituent.
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® PROBLEM 2-17

The sets A, Ay, ..., A, are called independent if all the constituents are
non-empty. Independent sets play an important role in the probability

theory. Find the number of constituents of the independent sets A, A,, ...,
A,.

SOLUTION:

The constituents are

Alnaln..na, (1)
where i}, iy, ..., i, take one of two values, 0 or 1.
AiO =Ai andAil =1 _Ai (2)

The sets Ay, A,, ..., A, are independent, therefore the constituents are non-
empty sets. Setting

i1=i2=...=in=0 (3)
in (1) we obtain
AINAN.L.NA,=¢. 4

Thus, none of the sets A}, A,, ..., A, are empty sets. Similarly, setting i, = i,
=... I, = 1, we find that

ACNASLN . NAC=0. )

That is, none of the sets Ay, A,, ..., A, are whole spaces.
Each of the superscripts iy, i, ..., i, in

A'nAln.na,
takes up one of two values. Thus, the total number of combinations is
2x2x ... x2=2m 6)

The number of constituents is 2.

® PROBLEM 2-18

The symmetric difference of the sets A and B is defined by
A+B=(A-B)U(B- A). €))
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Prove the following formulas:

1. A=B=B-A )

2. A-B=-C)=A=-B)=-C
The symmetric difference is associative.

3. AUB=A-B +ANB

SOLUTION:
We shall use
A-B=ANB" ®))
to write (1) in the form
A +B=(ANBY U@A°NB). 6)

From (6) we obtain
A=+-B)F=(ANBYNEA‘NB)X=

= (A N B) U (A° N B°). @)

L. A~-B=A-B)UB-A)=(B-A) UA-B)=
=B-A. (8)
2. A-B=O)=[ANB=C)FJU[B=C)NA‘]= (&)

={A N [(C N B) U (CE N B} U {[(B N C) U (BN C)] NAC} =

=(ANBNC) UANBNC) UA NBNCY) UANBNC).
Similarly,
A=-B)~C=[ANBYUA° NB)~C= (10)

={[(ANBYUM@ANB)]NC}IU[A~B°NC]=
=ANBNCHYUMANBNC)U {[(ANB)U A NB)NC}=

=SANB‘NCOUA NBNCOYUANBNC)UANBNC).
Comparing (9) and (10) we find
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(A~B)=C=A=~B+C)=A=~B-~C. (11)

3. A~B-ANB=(A<~B)~(ANB)=
=[ANBYU @SN B)]~(ANB)=
= {[(A N B%) U (A€ N B)] N (A€ U B} U
U {[(A°UB) N (A U B)] N (A N B)}=
= [(A N BY) N (A€ U BY)] U [(A€ N B) N (A€ U B9 U
UASNBYN@ANB) U[ANB)N(ANB) =
=ANBYU@UNB)U@ANB)=

=(A- B)UB-A)U(ANB)=AUB. (12)
Similarly, we can show that
A-B=A+ANB. (13)

® PROBLEM 2-19

Show that
AU...UA)-ByU...UB)CA,-B)U...UA,+B,) (1)

where

A~B=A-B)U (B-A). )

SOLUTION:
Let us denote
A=A U..UA
B=B U..UB, 3
Suppose
XEA+-B=(A-B)U(B-A). 4
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The sets A — B and B — A are disjoint sets (i.e., they have no common ele-
ments). We can assume that

xEA-B, ®)
then x EA and (x € B) = (x € B)". We have
x€EA U...UA ©6)
and
x¢&B U...UB,. @)
Therefore a set A, exists, such that
x €A, (8)
and
x€B)=x€B,U...UB) =
=[x€EB)vV(xEB)v..v(xEB)]' =
=(xXEB) A(XEB) A...AXEB) =
=(xEB)ANXEB)A ... A(XEB). Q)
Thus,
x€EA, and x € B, (10)
and
x€EA,~B=(A—-B)U(B,-A). (11)
Hence,
AN..NA)-BN..NB)C@A,~B)U..U@A =~B). (12)

® PROBLEM 2-20

DEFINITION OF A RING

The Operations + and - form a commutative ring, if they satisfy the
conditions:

I. x+y=y+x,x"y=y-x (1)

2. x+(y+2)=(x+y)+z, x-(y-2)=(x"y)z (@))
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3. x(+2)=(x-y)+(x-2) 3

4. An element O exists, such that
x+0=x 4

5. For every pair x, y, an element z exists, such that

x=y+z 6)

|
Show that the sets form a ring with respect to the operations ~ and N
but don’t form a ring with respect to the operations U and M.

SOLUTION:

Let us replace in (1) - (5) operation + by =, and operation - by N. We ob-
tain

A-B=B+-A, ANB=BNA 6)
which are obviously true. Then
A-B=-CO)=A=-B)-C,ANBNCO)=(ANB)NC. @)
The relationship
ANB-CO)=ANB)~ANCO) €))
is true.
For an empty set ¢, we obtain
A=¢=A )
To prove condition 5, we have to show that
(A=B=+-C)=(C=B-+A) (10)
which is easy to prove because
A=B-C=B+B+-A=(B+B)~A=A. (11)

Hence, operations = and N form a ring.
Consider operations U and M. We have

AUB=BUA, ANB=BNA (12)
AUBUC)=(AUB)UC, ANBNC)=AN=B)NC. (13)
ANBUC)=ANBUM@N C) (14)

AU {¢}=A (15)
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It is not true that for every pair A, B, a set C exists, such that
A=BUC. (16)
For example, let A = {¢} and C = {¢}. Thus, U and N do not form a ring.

® PROBLEM 2-21

1. Show that the family of all subsets of a given set A is an ideal.

2. Show that the family of all sets B, such that A C B C 1, is a filter.

SOLUTION:
DEFINITION OF IDEAL

A family is a collection of sets. A non-empty family / of subsets of 1 is
called ideal if

(AEDABCA) =>BEI (1)

AENABEN=AUBEI. )

1. Let P denote the family of all subsets of a given set A. If D € P, then
DCA.If G C D, then G CA and G € P. Hence, condition (1) is fulfilled.

IfDEPandGEP,thenD CA and GCA.Hence, DUGCAandD U
G € P. Therefore, the family of all subsets of a given set is an ideal.

DEFINITION OF A FILTER
A non-empty family F is called a filter if
AEF)AACB)=(BEF) 3)
AEF)ANBEF)= (ANBEF) @)
|

2. Let A represent a given set and R the family of all sets B, such that
ACBC1. Suppose DERand D CG,thenACDCGC1and G ER.
Condition (3) is fulfilled.

IfDERand G ER, then A CD and A C G. Therefore, AC D N G and
D NG €R. Hence, R is a filter.
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® PROBLEM 2-22

Show that a family of sets is a filter if and only if the family of the
complements of these sets is an ideal.

SOLUTION:

Let S = {A, B, C, ...} represent a family of sets. We shall prove that
(S ={A,B,C,...} iS) (p = {A°,B,C, ...}is)
=

a filter an ideal

Let A€ € P and B¢ C A€, then A C B. But A € S (which is a filter); hence,
B € S. Therefore B¢ € P.

Let A€ P and B¢ € P, then A € S and B € S. Since S is a filter, A N B
SN

ButA*UB“=(ANB)FEP.

Similarly, we can show that

(P = {AC,BC,...}iS) (S ={A,B,C,...} is

an ideal a filter

Let A € S and A C B. Then A€ € P and B¢ C A¢. Hence, B¢ € P and B
ES.

LetA€Sand BE S. Then A€ Pand BcEP.

Since P is an ideal, A“U B € Pand A N B (AU BY“ES.

® PROBLEM 2-23

In 1895, Georg Cantor created a theory of sets. At that time, it was
accepted that a universal set (that is, “the set of all sets”) exists. In 1902,

Bertrand Russell showed in his famous paradox that the admission of a
set of all sets leads to a contradiction. Explain Russell’s paradox.

SOLUTION:

We shall show that the assumption that the universal set exists leads to
contradictory statements.

THEOREM 1
Suppose that the set of all sets, denoted by W, exists. Let
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A={xEW:x&x}

Then
or
Ag A Ae A
Indeed,
(x €E A) = (x & x); therefore (A EA) = (A € A).
That leads to:
THEOREM 2

A set of all sets does not exist.

This fact was briefly described by Paul Halmos in this statement: “Noth-
ing contains everything.” New paradoxes of set theory appeared shortly after
Russell’s paradox. To overcome this difficulty, mathematicians created sev-
eral variations of axiomatic set theory. None of these theories was com-
pletely satisfactory, nevertheless they eliminated most of the antinomies.

® PROBLEM 2-24

Consider the axiomatic formulation of the algebra of sets. It consists of
the concept of element, of set and of the relation of an element belong-
ing to a set (x € A) and four fundamental axioms. Using this system,
show that

1. the null set exists.

2. for any two sets A and B, only one set A U B exists.

SOLUTION:

We shall list the four fundamental axioms.

. UNIQUENESS AXIOM (Axiom of Extension).

If the sets A and B have the same elements, then A and B are identical.
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IIl. UNION AXIOM.

For two arbitrary sets A and B, a set exists which contains all the ele-
ments of the set A, and all the elements of the set B and which does not con-
tain any other element.

lll. DIFFERENCE AXIOM.

For two arbitrary sets A and B, a set exists which contains those and only
those elements of the set A which are not elements of the set B.

IV. EXISTENCE AXIOM.

At least one set exists.

1. Let us define the null set by the formula
o=A-A.

The existence of at least one set is guaranteed by Axiom IV.

2. For given sets A and B, one and only one set satisfying Axiom II exists.
Hence, the operation U is unique.
Since

ANB=A-(A-B),

it is not necessary to include an axiom on the existence of an intersection.
The intersection can be defined in terms of the difference.

® PROBLEM 2-25

Explain the system of axioms called Boolean algebra.

SOLUTION:

Note that in most of the theorems of the algebra of sets the symbol €
does not appear, although it occurs in their proofs. This suggests the possibil-
ity of establishing the system of axioms, which will enable us to prove the
theorems without referring to the relation €.

BOOLEAN ALGEBRA

The fundamental concepts are:
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The set ¢ and the operations U, N, —.

We assume the following axioms:
1. AUB=BUA
2. ANB=BNA
3. AUBUCO=AUBUC
4. ANBNCO=@ANBNC
5. AU¢=A
6. ANAUB)=A
7. AUMANB)=A
8. ANMBUO=ANBUANO
99 A-B)UB=AUB
10. BN(A-B)=¢
1. AN1=A
12. ACB)=(AUB=B)
From the above axioms we can deduce all the theorems of the algebra of
sets. Axiom 12 defines the Inclusion Theory of sets as only one of the
applications of Boolean algebra. Replacing in axioms the notion of a set by

sentences, we obtain the algebra of sentences. This explains the close rela-
tionship between the algebra of sentences and the algebra of sets.

Sentence Sets

v corresponds to U

A corresponds to N

“ (negation) corresponds to ¢ (complement)

By omitting axioms 8 - 12, we obtain the axiomatic formulation of the lattice
theory, applied, for example, in electrical networks.
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® PROBLEM 3-1

1. The set of all values of the variable x, for which ¢(x) is a true sen-
tence, is denoted by the symbol

{x: e} (1)
The following equivalence holds:
For every a: [a € {x : p(x)}] = ¢(a). 2

Using (1) and (2), describe the set of the real numbers which are larger
than zero and smaller than or equal to 5.

| 2. Prove the following formulas:

{x:0(x) vT®} = {x: o(x)} U {x : L)}
{x:T00) A )} = {x: T} N {x: p(x)}
{x: () A [CE1} = {x: @)} - {x: T(x)}

and {x: [@(x)]'} = {x: (x)}°.

SOLUTION:
1. The set can be described as follows:
{x:(xER)A(x>0) A (x=s5)}. 6)
2. a€{x:qx) vIXx)}=p@)via)s=
=[a€{x: )} v[aE{x:T(x)}] =
=a € {x:g®} U fx: L)} (7)

We employ the strategy used in the solution of (3) to prove (4).
a € {x: T(x) A g(x)} = L(a) A ¢(a) =
=[a€ {x:EM A [a € fx: ) }] =
=a € {x: LW} N {x: ¢()}. ®)
Proving (5),
a € {x: () A [EW)]'} = (@) A [L(a)] =
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=[a€{x: @} A[a & {x:E(x)} =
=a € {x: @(x)} - {x: L(x)}. ®
Proving (6),
a€{x:[e()]'} = [p(a)] =
=@€NnfaE{x:qx)}]=

=a € {x: p(x)}°. (10)

The symbol {x : @(x)} will be used very often, sometimes with some modifi-
cations, throughout this book.

® PROBLEM 3-2

1. Using qualifiers, write the sentence: For every natural number, a
larger natural number exists.

2. Explain the quantifiers by using the calculus of sentences.

SOLUTION:

1. The quantifier “there exists” is denoted by 3 and the quantifier “for each”
is denoted by V.
Let A represent the domain of a general statement p(x), i.e., x € A. Then

VXEA: p(x) (1)

asserts that for all x € A, the statement p(x) is true. Similarly,
IxEA: pk) 2

means that at least one x € A exists, such that p(x) is true.
By denoting the set of natural numbers by N, we write

Vnam:n<m 3)

where m, n € N.

2. Suppose the elements of the set A can be written in the form a,a,a, ...
The sentence Vx : p(x) means that p(x) is true for each a, a,, a,, .... Thus

Vx : p(x) is equivalent to p(a,) A p(a,) A ... 4)

Similarly, the sentence Jx : p(x) means that p(x) is true for at least one of
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the elements a,a,,a,.... Thus

o Gy o
Ax : p(x) is equivalent to p(a,) v p(a,) v p(a,) ... ®)
Note that a universal quantifier V is “stronger” than existential quantifier 3.

[Vx: p()] = [Ix : p(x)]. (6)

® PROBLEM 3-3

1. Using quantifiers write the statement: For each x there exists a y
such that for all z the statement p(x, y, z) is true.

2. Write the negation of this statement.

SOLUTION:
We shall apply the following rule of quantifier negation:
[Vx:p()]" = 3x: [p(x)] (1)
[(Ax:p(x)]” = Vx: [pK)] )

Equations (1) and (2) are generalized DeMorgan formulas.
Note that by taking negation of (1), we can define a universal quantifier
in terms of the existential quantifier and negation

Vx:p(x) = [3x: [pM]T" ®)

Similarly, existential quantifiers can be defined in terms of the universal
quantifier and negation

Ix: p(x) = [Vx: [p(x)]]" 4)
1. This statement can be written as
Vx 3y Vz: p(x, y, 2). 5)

2. The negation of (5) is
[Vx3y Vz:p(x, y, 2)] =

=[Vx [y Vz:p(x, y, 2)]] =

=3[y Vz:p(x y, 2] (6)
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Here we used (1).
= dx [3}’ [VZ :P(x: Y Z)]]’ =

=Ix Vy [Vz:p(x, y, 2)]
= Vy3Iz: [p(x, y, 2)] = (7)

® PROBLEM 3-4

Using quantifiers, write down the definitions of:

1. Limit of a sequence of real numbers.
2. Continuous functions.

3. Uniformly continuous functions.

SOLUTION:

1. Let (x ) denote a sequence of real numbers. This sequence is said to have
a limit x. We write

lim x, =x (1)

n —> 0

when
Ve>0 ImEN Vnzm |x —x|<e )

2. Letf:R'— R'be a function continuous at x,. Then
Ve>0 38>0 VxER' |x—x,|<d=|f(x)-fix)|<e. (3)

Function f{x) is continuous at x, if, for every € > 0, 8 > 0 exists such that for
every x ER', if |x—x, | <9, implies | fix) - f(x,) | < .

3. Function f: R' — R'is said to be uniformly continuous on R' if
Ve>0 36>0 Vx,x €ER' |[x-x"|<d=|f(x)-f(x)]|<e. 4)

From (3) and (4) we conclude that if a function is uniformly continuous on
R', then it is continuous on R'. The opposite is not true. For example, func-
tion f(x) = x* is continuous on R' but not uniformly continuous.
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® PROBLEM 3-5

1. Is the following definition of an ordered pair correct?

(4, b) = {{a}, {a, b}}. (D

2. Find the Cartesian product A x B, where A =[1, 2] and B = [2, 3].

3. Let Z denote the set of all positive and negative integers and zero.
Find A x B, where A =B =Z.

SOLUTION:

1. To each of two elements a, b there corresponds their ordered pair (g, b),
which satisfies the condition

(a, b) =(c, d) if,and only if a =cand b =d. )
Hence, in general (a, b) = (b, a). But
(a, b) = (b, a) iffa = b. 3)

Definition (1) satisfies condition (2) because
{a, {a, b}} ={c, {c, d}} if, and only ifa = c and b = d.

Thus, definition (1) is correct.

2. DEFINITION

Let A and B represent two sets. Their Cartesian product, A x B, is the set
of all ordered couples

AxB={(a b):a €A, bEB}. Q)
yA
; [1.2] x [2.3]
3
B
2

- A cee-
N~ ===
Y

A
The Cartesian product is represented by the shaded area.
FIGURE 1.
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3. The setA x B, where A = B = Z represents the set of lattice points in R?.

YA
L [ ] 4_— L [ J L [ ]
* * 3_4_ * ° ° °
[ ° ° 2t ° ° ° °
° ° ° 14 ° ° ° [
—— >
-3 -2 -1 2 4 X
[ ] LIS B o [ ]
[ o _ 2. o [
o _34- °
FIGURE 2.

Dots represent the elements of the set Z x Z.

® PROBLEM 3-6
1. Let A represent the circle in the xy-plane, x> + y?> < 1 and let B
represent the set of points along the z coordinate, such that 0 sz < 1. Find

A x B.

2. Show that,

AxB=¢)=[A=9)v(B=9)

3. Show that,
ifAxB=¢,thenA x BCC x D iff

(ACC) A (BCD).

SOLUTION:

1. The setA x B is a cylinder of altitude 1, shown in Figure 1.

2. If A x B = ¢, then an element exists (a, b)) EA x B. Thus,a EA and b €
Band A = ¢ and B = ¢.
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Similarly, if A = ¢ and B = ¢, then elements a, b exist, such that a €A
and b € B. Therefore, (a, b)) EA x Band A x B = ¢.

FIGURE 1.

3. We shall prove that
AxBCCxD)<« (ACC)A(BCD). 3

=
Let (a, b) €A x B. Then (a, b) € C x D. Therefore, if a € A, then a € C.
Similarly, if b € B, then b € D.
=
Let (a, b)) €A xB.Thena&€Aanda € C. Also b € B and b € D. There-
fore (a, b) € C x D and

AxBCCxD. @A)

® PROBLEM 3-7

Show that
Ax(BUC)=AxBUAxC

Ax(BNC)=AxBNAxC

Ax(B-C)=AxB-AxC
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SOLUTION:

Ax(BUC)={(xy): xEA)A(yEBUC)} =
={xy):xEAAANQYEB)VYEQ)]} =
={x: [(xEAAYEB]VI[xEA)APEQ)} =
= {xy):[xy)EAxB]v[(x,y)EAxC]} =

=AxBUAxC. “4)
Similarly, we prove (2).
AxBNO={xy):x€AAYEBNC(C)} =

={xy): xEAAN[VEBAYEO]} =
= {6y : [ ) EAxBIA[(x,y) EAXC]} =

=AxBNAxC. (5)
And (3).
AxB-O)={(x,y):(x€A)A(YEB-0O)} =

={(x):(xEAANOEB)AYEO)]} =
={(xy):[xy) EAxBIA[(x,y) EAxC]} =

=AxB-AxC. (6)

® PROBLEM 3-8

1. Prove that:

(AxC)N(@BxD)=(ANB)x(CND)

AxCO)UBxD)CAUB)x(CUD)
where A, BCXand C,DCY.

2. AxB=(AxY)N(XxB)

(A x B)C=(AC x Y) U (X x BS) )
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where A C X and B C Y. The symbols A¢ and B¢ denote the complements
with respect to X and Y, and (A x B)¢ denotes the complement with re-
spectto X x Y.

SOLUTION:

L [(5y)EAxC)N(BxD)]=
=[x y)EAxC]A[(x, Y EBxD]=
=(xEAANYEC)ARXEB)A(YED) =
=[xEA)AKXEB)]A[YEC)A(YyED)] =
=(xEANB)A(YECND)=

=(x,y)EANB)x(CND). 5)
Applying Equation (1) of Problem 3-7 we find:
AUB)x(CUD)=[Ax(CUD)J]U[Bx(CUD)]=

=(AxC)UAxD)UBxC)U (B xD). 6)
Equation (2) follows from (6):
AxC)UBxD)CAUB)x(CUD,). @)

2. Let us write (1) in the form:
AxY)NXxB)=ANX)x(YNB). 8)

Since A CX, A N X = A. Similarly, since BCY,YNB=28.
Therefore,

AxB=AxY)N(XxB). &)
To prove (4), we shall apply DeMorgan’s law. Since

AxB=ANX)x(YNB)=(AxY)NX xB) (10)

we obtain
(AxB)X=(AxY) U(XxB). (11)

But

(AxY) =A°xY and (12)
(X xB)t =X x BC. (13)
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Therefore
(AxB)=(A°xY) U (X x B). (14)

® PROBLEM 3-9

1. Give a definition of a family of sets and show that

{A,:nEN} (1)

where A, =]-n,n[ isa family of sets.

2. Is it true, that any set of sets can be converted to a family of sets?

SOLUTION:
DEFINITION OF A FAMILY OF SETS

The collection of sets
{A,: AEA} 2

is called a family of sets if, to each element A of some set A = ¢, a set A,
corresponds. Set A is called an indexing set for the family.

Unlike the definition of a set, where all elements have to be different, in a
family of sets it is not required that sets with distinct indices be different.
Equation (1) defines a family of sets, where N is the indexing set. Set A is an
open interval

-n,n[={xER :—n<x<n}. (€))

2. Let G represent any set of sets. Then we can use G itself as an indexing
set and assign the set it represents to each member of the set G.

® PROBLEM 3-10

Let

1 1
A, =]_F’ 7[ (1)
where the indexing set is the set of all positive integers Z*
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Z+=1{1,2,3,... }. @)

Find
UAa,

and

Na,.

SOLUTION:

Let X represent a given set, and {A, : A € A} a family of subsets of X. The
union, denoted by U A, ,is the set

{xeEX:INEA xEA,} 3)
Hence, for the family of sets defined by (1), we obtain

1 1
L,‘-JA"=L’-'J]—F,7[=]—1,1[. (4)
The intersection, denoted by QAK, is the set
{xEX:VAEA XxEA,} )
Thus
NA, =N 5 5
1= 7% wl=1{0} (6)

11
since 0 is the only common point of all intervals 1-m =l
Obviously, the union and intersection of a family of sets does not depend
on how the family is indexed.

® PROBLEM 3-11

1. Show that M is distributive over U and U is distributive over N. That
is, show that: »

A
[N{Ay: LEA}U[N{B,: 0 EQ}] =
=N{A UB,: (\, ) EA x Q}
[U{A: AEAYNN[U{B,: wEQ}] =

=U{A\NB,: (A 0) EAxQ}
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2. Show that
C
(Y4
c
(4,) =54

where complements are taken with respect to X.

0
>
>

C)

and

> 0O

(4)

SOLUTION:

1. xE[N{A:AEANU[N{B, :0EQ}]=
=s[VAEAXxEA]V[VOEQ; xEB | =
=[VM, 0)EAxQ:xEA UB |=

=x€EN{AUB :(M,w) EAx Q}. )
In the same manner, we prove (2)

XE[U{A:AEANN[U{B,: 0 EQ}] =
=[xEUA]JA[xEUB|=
=(ALEA:xEA) A (AWEQ:XEB)
=AM W) EAxQ:xEANB =

=xEU{ANB,:(hw) EAx Q. ©)
2. x€(UA,) =x€X-(U4,)=
=x@&(UA,)=[INEAxEA,]=

sVKEA:x%AkEV)\.EA:xGAiE

EerACA. 7
Similarly, x G(QAX)C =x $(QA k) =
=[VAEA:xEA [=[INEAxEA,]=
=[3 xeA:xEAi]sxetgAi. ®)
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® PROBLEM 3-12

Let {A, : n € N} be a family of sets and let
By=AgUA U...UA;, k=0,1,2,... €))

Show that the union

04,-4,U(4, -B)U..U@A, -8, )U.. @)

is pairwise disjoint.

SOLUTION:

First, we shall prove (2). Suppose
xeuva, (3)
0

andx €A, ThenxEA U (A -B)U ....Now, suppose A _is the first set in
the sequence

A A, . LA .. 4
such that
xEAXEA, .., XxEA_,XEA , ... Q)
Then
x e L:JA,, and
x€A, -B _=A -(A,U...UA ). 6)
That proves (2).
To show that the union
AJUA-B)U..U@A -B )U.. @)
consists of pairwise disjoint sets, suppose
XEA,XEA, .., XEA XxEA , (8)
Then
xEA,xEA-B,xEA-B,, ... 9)
but
x€A -B_,. (10)
Again
x¢EA -B =A —(A/U..UA). (11)
Hence the setsA ,A - B, ...,A —B,_,, ... in(7) are pairwise disjoint.
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® PROBLEM 3-13
1. Let p denote the relation < on A x B, where A = {1, 3, 4,5} and B =
{3, 4, 5}. Write all elements of p, its domain and range. Plot p on a co-

ordinate diagram.

2. Let R be the set of real numbers and p the relation defined by

xpyiffbothxE[n,n+1]andy € [n,n + 1]

for some integer n.
Plot the relation p.

SOLUTION:

We shall begin with a definition:

DEFINITION

A relation p is a subset p C A x B. Often, (a, b) € p is written a p b.
|
1. A relation p consists of ordered pairs (a, b) € A x B, such that a < b.
Therefore,

p=1{(1,3),(1,4,(,5), 3,4, 3,5, (4 5} 1)

Note that the domain of p is the set of the first coordinates of the pairs in p.
From (1) we have the

domain of p = {1, 3, 4}. 2

Similarly, the range of a relation is the set of the second coordinates of the
pairs in this relation.

Hence,
range of p = {3, 4, 5}. 3
Figure 1 depicts the sets A and B and the relation <.
bbb
I S
|
© 2 s 4 s A
FIGURE 1.
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2. Suppose n = 0, then
xpyifx€[0,1] and y€]|0,1],

which is a square shown in Figure 2.

A
Yy

xpy

x w

0 1

FIGURE 2.

For each integer n we obtain a square as shown in Figure 3.

YA

|
N
W jeccanmea

x

FIGURE 3.

® PROBLEM 3-14

1. Let Z denote the set of all integers. Find the diagonal of Z.

2. Let N denote the set of natural numbers and p, a relation defined by

npmiffn=3m+ 1. (1)
Find the inverse of p, denoted by p~1.

SOLUTION:

1. For any set A, its diagonal A is the relation of equality defined by
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A={(a a):a€A} CA xA. 2)
Thus, if Z is the set of all integers, its diagonal is the set

A={(nn):n€Z} =

={...(=2,-2),(=1,-1),(0,0), (1, 1), (2, 2), ...}. )

2. Let p denote a relation defined as A x B. The inverse of p, denoted by p~/,
is the subset of B x A, defined by

p" ={(b a):(a b) Ep}. (4)
Relation p, defined by (1), consists of all the pairs
p=1{(1,0),(4 1),(7,2),10,3),(-2,-1),(-5,-2) ...} ®)
such that
~(n,m)€E pif, and only if n =3m + 1. (6)
The inverse p~' consists of all the pairs (m, n) € p™', such that
(m,n) e p~" iff m =1;—1. (7

That leads to
p'={0,1),(1,4),2,7),(3,10),(-1,-2),(-2,-5) ...} )]

® PROBLEM 3-15

Consider three sets A, B, and C.
A={1,2,3,4}

B=1{5,6,7,8}

C={xy z}. (D)
Let p be a relation on A x B
p={(1,6),(1,7),3,6),(3,7), 3, 8), (4 5)} 2

and A be a relationon B x C
A ={(5,x),(6,5), (7, ), (7, 2), (8, x)}. 3

Find the composition of p and A denoted by A o p (sometimes the sym-
bol p o A is used instead).
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SOLUTION:

We shall start with a definition of a composition of relations. Let A, B, C
represent the sets, and p C A x B and A C B x C represent two relations. The
composition of p and A, denoted by A o p, is the relation on A x C, such that

hop={(a c):a€A, cEC,IbEBsuch that

(a, b)Ep A (b c) EA}. @)
Therefore, from (2), (3), and definition (4), we find
(1,y) E Lo p because (1, 6) Ep and (6,y) EA

(4, x) €E Lo p because (4,5) Epand (5,x) EA
(1,2) EAlopbecause (1,7) Ep and (7,2) EA
(3,y) E Lo p because (3,6) Ep and (6,y) EA
(3,z2) E Ao pbecause (3,7) Ep and (7,2) EA
(3, x) €E Ao p because (3,8) Ep and (8, x) EA

(4, x) E Lo p because (4,5) Epand (5,x) EA
The composition A o p is the set consisting of
Aop={(1,5), 4 x),(1,2),(3,y) (3, 2), (3, %), (4, )} )
The relation A o p is illustrated in Figure 1.

d A

5

1 y ——

X

)

2 e
, P y

3 . .
8

4

A B C
FIGURE 1.

For example (3, x) € A o p because there is a “route” from 3 to x via 8.
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® PROBLEM 3-16

Let A, B, C, and D represent the sets and p CA x B, A C B x C, and
d C C x D represent the relations. Prove that:

1. dor)op=3o0(hop) (1)

2. (hop)'=plol!

SOLUTION:
1.

FIGURE 1.

BoNop={(a, d):a€A ArdED,IbE B such that
(a, b)EpA(b,d)ESOA} =
= {(a, d) : 3b € B, Ic € C such that
(a, D)Ep,(b,c)EMN (c, d ES} =

={(a, d) : Ac € C such that (@, c) EAo p, (c, d) E O} =

=do(rop). 3
Hence, we can write
Bor)op=0o(Aop)=00Aod. 4
2. (Aop)'={(c,a):(a,c)ENop} =

={(c, a) : 3b € B, such that (a, b)) E p, (b, c) EA} =
={(c, a): Ib € B, such that (b, a) Ep~', (c, b)) EN'} =

={(¢, a): b EB, such that (c, b)) EL', (b, a) Ep~'} =
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=ploA. 5)
Similarly,
OBohrop)'=[0o(rhop)]'=

=(hop)lod'=ptoAtod™ (6)

® PROBLEM 3-17

Let A represent the set of all people and R represent a relation defined as
A x A, such that for a, b € A and a R b iff a knows b; that is, a is in rela-

tion to b if and only if a knows b. Is this relation an equivalence rela-
tion?

SOLUTION:

An equivalence relation is a very useful and frequently applied concept
in mathematics. It enables us to divide the set into subsets (classes) accord-
ing to some preassigned characteristics.

DEFINITION OF EQUIVALENCE RELATION

A relation R in A is called an equivalence relation if:
1. Itisreflexive: Va€A,aRa
2. It is symmetric: (a R b) = (bR a)
3. Itis transitive: (aRb)A (bRc)=(aR¢)

If a R b, we say that a and b are equivalent.
|
The relation “knows” is reflexive, since obviously a knows a.
It is symmetric, because if a knows b, then b knows a.
It is not transitive, because if a knows b and b knows c, it does not guar-
antee that a knows c.
Therefore, the relation “knows” is not an equivalence relation.
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® PROBLEM 3-18

Prove the following:

Let R denote a relation in A, that is, RC A x A.
Then:

. Risreflexive iff ACR (where A is the diagonal of A).
. R is symmetric iff R = R,
. R is transitive iff R o RCR.

. (R is symmetric) = (RoR!'=R'0oR)

L RCRoR )

. (Ris reflexive) = ( . i
2. RoR is reflexive

6. (R is transitive) = (R o R is transitive)

SOLUTION:
1. The diagonal of A is

A={(a a):aEA}. (1)
Thus R is reflexive iff,

Va€A, (a,a)ER
iff ACR.
2. (R-symmetric) < (R =R™)

= If (a, b) ER, then (b, a) ER, therefore R = R
< Obvious.

3. Let(a, ¢) ERoR. Then 3b E A, such that (a, b) ER and (b, c) € R. Since
R is transitive, and (a, b), (b, ¢) € R implies that (a, c) ER, hence Ro RCR.

Conversely, if R o R CR, then (a, b) ER and (b, ¢) € R imply that (a, ¢) €
R o R CR. That is, R is transitive.

4. RoR'={(a, c):Ib €A, suchthat (a, b)) ER' A (b,c) ER} =
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={(a,¢):IbEA,(a, )ERA (b,c) ER "} =

=R'oR )

5. Let(a, b) €ER. Then
RoR={(a,c):IbEA,(a, b)ER A (b, c) ER}. 3)

But, (a, b) € R and since R is reflexive, (b, b) € R. Hence (a, b) ER o R, that
is, RCRoR.
Also,

A CR CRoR implies that R o R is reflexive.
6. Let (a, b)) ER o R and (b, ¢) €ER o R. Then from (3), R o R C R. Thus,

(a, b), (b, c) ER.So (a, c) ERoR, and R o R is transitive.

® PROBLEM 3-19

The set A consists of

A={1,2,3,4,0,p}.

Find the smallest equivalence relation R, such that

(1,2)ER, (2,a)ER, (4,2)ER.

SOLUTION:

Relation R has to be reflexive, therefore,
(1,1)ER, (2,2)ER, (3,3)ER, (4,49 ER,

(o, ) ER, (B,P)ER. 3
It has to be symmetric, hence
2,)ER, (0,2)ER, (2,4 ER. 4
Finally, R has to be transitive, thus,
(1,2)ERA(2,0) ER=(1,0) ER
(1,2)ERA(4,2)ER=(1,49) ER
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2, 0) ERAN4,2)ER= (4, ) ER. 5)
The smallest equivalence relation is

R={(1,1),(2,2),(3,3), (44, (@ a), (B, B), (1,2), (2, @), (4, 2),

(2, 1), (@, 2), (2,4), (1, @), (&, 1), (1, 4), (4, 1), (4, ), (@, 4} (6)

The largest equivalence relation consists of all 36 elements of A x A.

® PROBLEM 3-20

Let Z* denote the set of positive integers,
Z+={1,2,...}

and let p represent the relation in Z* x Z* defined by
(ab)p(cd)iffa+d=>b+c

Show that p is an equivalence relation.

SOLUTION:
Element (a, b) is in relation p with itself. Indeed
(a, b) p (a, b)ybecausea + b =b +a. 3)
Thus, p is reflexive.
Suppose:
(a, b)p(c,d),then a+d=>b+cor
c+b=d+a. @)
Hence, (¢, d) p (a, b) and p are symmetric.
Suppose:
(@, b)p(c,d) and (¢, d)p (e ) ©)
then
a+d=b+c c+f=d+e. (6)
Hence,
a+d+c+f=b+c+d+e 7
and
at+f=b+e )]
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From (8) we conclude that
(@, b) p (e f). )

Relation p is transitive. Thus, p is an equivalence relation.

® PROBLEM 3-21

Let Z+ x Z* denote the set of ordered pairs of positive integers. Let p
denote the relation in Z* x Z* defined by

(@ b) p (c, d) iff ad = bc. (1)

Show that p is an equivalence relation. Find the equivalence class of

(1,1).

SOLUTION:
Relation p is reflexive, because for every (a, b) €EZ* x Z*
(a, b) p (a, b), that is, ab = ba. 2)
Relation p is symmetric.
Suppose
(a, b) p (¢, d), that is, ad = bc, 3
and ¢b = da. Therefore,
(c; d)p (a, b) 4)
and p is symmetric.
Suppose
(a,b)p(c,d) and (c, d)p (e ). ©)
That is,
ad =cb and cf =de. 6)
Hence,
adcf = cbde @)
and
af = be. 3

Therefore, (a, b) p (e, f) and p is transitive.
Relation p is reflexive, symmetric and transitive, thus it is an equivalence
relation.
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Suppose (a, b) is in relation p with (1, 1)
(a,b)p(1,1) iff a=0b. 9)

The equivalence class of (1, 1) consists of all pairs (a, a), a € Z*.

® PROBLEM 3-22

Consider a set X and its partition into disjoint classes
X=UA .
ig ! 1)

This partition defines a relation R C X x X, in such a way that (x, y) ER
when 3i : x, y € A,, that is, when the elements x, y belong to the same
Class A;. Show that R is an equivalence relation.

SOLUTION:

R is reflexive, because (x, x) € R means that x belongs to a certain class
A, which is true, since

X=UA,
That R is symmetric is obvious, becaus,e ifx, yEA, theny, x €A, Hence
(x Y ER=(y,x) ER. 2
Suppose (x, y) ER A (¥, z2) € R. That means
idj(xyEA)A(y,zEA). 3)
Thus
yEANA =0 4

which is a contradiction, because the classes are disjoint.
We proved that relation R is an equivalence.
In the next problem we shall prove the converse.

® PROBLEM 3-23

Prove the following:

THEOREM

Any equivalence relation in X defines a partition of X into classes of
the form
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A ={yEX:(xy)ER} (1)

SOLUTION:
Suppose R is an equivalence relation in X. Therefore R is reflexive
VxEX (x, ) ER and xEA. )
Hence
X = L;JA X (3)
The classes cover the whole set X. We shall show that the classes are dis-
joint.
Suppose
A NA =0¢. @)
Then z exists, such thatzE€A A z EAy
[z x) ERA(zy) ER] = (x, y) ER. 5)
Therefore,
A=A (6)
That completes the proof.
The set of classes
{A :xEX} @)
is called a quotient space and is denoted by */,. Mapping
Lx % ®)

where §(x) = A , is called a canonical mapping or projection. The class A is
denoted by [x].

The principle of partition of a set into classes forms a basis of abstract
thinking — one of the most interesting features of the human mind.

For example, abstract thinking leads us to the concept of temperature. Let
X represent the set of all objects.

(7] [T] <—— quotient space

D D D D D D <— set of objects
1 2 3 4 5 6 ...
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By using a thermometer, we establish an equivalence relation.
Two objects x and y are in relation T with each other, if they have the same
temperature,

xTy. )
It is easy to see that this is an equivalence relation. Neglecting all other

properties like color, weight, age, etc., we classify objects into classes of
equal temperature.

® PROBLEM 3-24

Let T(x, y) represent a given sentence function of two variables. Thus,
Vy:C(x y) and Jy:T(x y) (1)

are sentence functions of one variable. Show that operation V is com-
mutative with respect to V, and 3 is commutative with respect to 3. That
is, show that

Vx Vy T(x, y) = Vy Vx E(x, y) 2

Iy C(x, y) =Ty I L(x, y) 3)

Hence, the sequence of quantifiers is immaterial in (2) and (3).
On the other hand, the sequence of quantifiers V¥ and 3 is significant.
Prove the formula:

x Vy Lx, y) = Vy Ix E(x, y). C))

SOLUTION:

The sentence T(x, y) is true for all x and y, therefore, it is true for all y
and x.

Similarly, if x and y exist, such that T(x, y) is true, then y and x exist, such
that (x, y) is true.

The left-hand side of (4) indicates that x, exists such that, for every y, T(x,
y) is true. Therefore, for every y, an x (namely x = x) exists, such that T(x, y) is
true. Hence, the left-hand side implies the right-hand side.
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® PROBLEM 3-25

1. Show that the implication (4) of Problem 3-24 is not valid in the
opposite direction.

2. Prove the formulas:

Ax [E(x) A @(x)] = Ax Ay [T(x) A ()] =
=dx:T(x) A dy:(y)=3x: Ex) A Ix: @x)

Vx:Cx) v Vx:p(x)=Vx y[Cx) v o) =

= Vx [Ex) v 9(x)]-
SOLUTION:
1. Take, for instance, the set of real numbers. It is true that
VyIx:y<x 3)
On the other hand, the statement
IxVy:y<x ©)

is not true. Hence, the implication in the opposite direction is not true.

2. Obviously the implication
Vx:T(x)=3x:L(x) 5)
is true. Setting X = Y, we can replace (5) by
Vx Vy:C(x, y) = Vx:T(x, x) = 3x: T(x, x) = Ix Jy: T(x, y). 6)
Similarly, from
[FAx: T(x) A )] = Fx : T(x) A Ax : (x) )
we obtain
Ax [Tx) A ()] = x Ty [Tx) A 9()] - ®)
The right-hand side is equivalent to
Ax Iy [E(x) A @()] = 3x: Tx) A Ty @(y) =

=Jx: T(x) A Ix: o). 9
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Similarly, from
[Vx:Ex) v Vx: @(x)] = Vx [Ex) v ¢(x)] (10)
we obtain (2).

® PROBLEM 3-26

In Chapter 2, we discussed the axiomatic formulation of the algebra of
sets. Then, four axioms:

. Uniqueness Axiom
. Union Axiom
. Difference Axiom

. Existence Axiom

were sufficient. What additional axioms are necessary for the purposes
of Chapter 3?

SOLUTION:

We should add the following axioms:

5. For every sentence function T(x) and for every set A, a set exists consist-
ing of those, and only those elements of A for which T(x) is true.
This set is denoted by

{x:T(x), x EA}.

Without realizing it, we used this axiom frequently.
For example, Axiom 5 guarantees the existence of the set {a, b}

{a, b} ={x:x=avx=b,xEA}.

6. For every set A, a set, whose elements are all the subsets of A, exists. This
set is denoted by 24,

7. AXIOM OF CHOICE.

For every family R of non-empty disjoint sets, a set exists which has one,
and only one, element in common with each of the sets of the family R.
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The last axiom is an existential axiom. In general, a set obtained by
application of this axiom is not uniquely determined. In 1938, K. Godel
showed that if the axiomatic set theory without axiom of choice is consistent,
then it is also consistent with the axiom of choice.

For some time, some mathematicians suspected that axiom of choice can
be derived from the other axioms. In 1963, P.J. Cohen proved that this is not
the case.

The axiom of choice is an independent axiom.
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CHAPTER 4

MAPPINGS

Function , Domain
Surjection, Injection, Bijection
Graph, Equal Functions
Restriction, Extension
Inverse Function
Composition of Functions
Image, Inverse Image
Induced Functions
Properties of f -
Coverings, Partitions
Families of Sets

Additive Families, Multiplicative Families

Set of Functions

Real-valued Functions
Characteristic Function
Relation-preserving Functions
General Cartesian Products
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® PROBLEM 4-1

Which of the diagrams depicts a function from X = {a, b, ¢} to Y =
{x,y 2}? X

FIGURE 1

FIGURE 2

SOLUTION:

DEFINITION

fis a function from X to Yiff f & x Y, for all x E X, there is a y € Y, such
that (x, y) € f; (x, y1) € fand (x, y,) € fimply y; = y,.
Function f is denoted

fiX—Y 1)

The domain of fis X, the co-domain is Y.
The element f(x) = y € Y is called the image of x under f. Figure 1 illus-
trates the relation consisting of the pairs

(4, %), (4, ¥), (b, y), (¢ 2).

This relation assigns two elements, x € Y and y €Y, to element a € X. Hence,
it is not a function.

Figure 2 also does not define a function. This relation is not defined for
all elements of X. Element c is left “alone.” It is easy to upgrade the relation
shown in Figure 2 to obtain a function as shown in Figure 3.
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FIGURE 3

Note that a function f: X — Y has to be defined for all elements of X, but it

does not have to “cover” all elements of Y, as shown in Figure 3. In the ex-

treme case, a function f can assign all elements of X to one element of Y.
Sometimes a word mapping or map is used instead of a function.

® PROBLEM 4-2

Prove that not every injection of a set into itself is a bijection.

SOLUTION:

We shall start with some definitions.

DEFINITION (SURJECTION (ONTO) FUNCTION)

A function ffrom X to Y, f: X — Y is an onto function (also called surjec-
tion) if, and only if, for all y € Y, an x € X exists such that y = f{x).

For example, function f: R — R, where R is the set of real numbers, is a
surjection when f(x) = 3x + 1 and is not a surjection when f(x) = x2.

DEFINITION (INJECTION — ONE-TO-ONE FUNCTION)

A function f: X — Y is a one-to-one function (also called injection) iff
fixy) = fix) implies x; = x;.

DEFINITION (BIJECTION)

A function f: X — Y is a bijection iff f is both a surjection and injection.

For example, the function shown in Figure 1
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FIGURE 1

is one-to-one, but it is not onto, hence it is not a bijection.
We shall find function f: X — X which is an injection, but not a surjec-
tion. Let Z* denote the set of positive integers, then

I BV ARSI Al
such that
finy=n+1
is one-to-one but not onto. Indeed no positive integer n exists such that
fin)=1.

Hence, f(rn) = n + 1 is not a bijection.

® PROBLEM 4-3

1. Find the graph of the function shown in Figure 1.
A B

FIGURE 1

2. Letf:R—>Rand g: R — R, where f{x) = (x + 1), and g(x) = x2 + 2x
+ 1 and R is the set of real numbers..Are these functions equal?

3. Define the restriction and extension of a function.
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SOLUTION:
1. ThesetG

G={(0):f)=y}CX x ¥ (1)

is called the graph of f. From Figure 1, we find the graph of the function to
be

{(@ %), (b, y), (¢ ¥)}. @

2. DEFINITION
Two functions f: A — Band g: A — B are equal, f = g iff

f(a) = g(a) for every a EA.
Obviously, for all real numbers
(x+1)?2=x*+2x+1. €))
Hence f(x) = g(x).

3. DEFINITION
Let f: X — Yand A C X; the function f considered only on A is called the
restriction of fto A, written f| A, if

flIA=fN@A x V). “4
Similarly, if A C X and g : A — Yis a given function, then
G:X—-Y

such that G | A = g is called an extension of g over X.

flA@=f(a) Vae A

f| A is the restriction of fto A
FIGURE 2

G is an extension of g.
FIGURE 3
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® PROBLEM 4-4

SOLUTION:
We defined a function f: X — Y as asubset of X x Y, fCX x Y, such that
[ y) €EFA(x y) €Efl=[y1 =y] (1)

Since fis a relation, we can always find f-1.

Function f must be a surjection, that is, {X) = Y, then f~! is defined for all
y €Y. In order for f~! to be a function, function f must be an injection. In-
deed, if

[(xp Y) EfA (2 y) Ef] = [x1 = x2]
then we have
[0 x)EFAQ, ) Ef =[x =x,].

We conclude that only a function, which is a bijection, has the inverse
function. It is easy to show that

=1,

® PROBLEM 4-5

Let the functions
f:R—Randg:R—R
be defined by

f)=3x-1 gx)=x3+1.

Find their compositions

fog and gof.

SOLUTION:
DEFINITION OF A COMPOSITION

Letf: A — B and g : B — C. The composition of f and g is the function
g o f defined by:

(g0/) (@) = g(fla)). M
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gof

FIGURE 1
Let us find the composition g o f
(8o f) () =g(flx)) =g(B3x-1)=(3x-1)° + 1. )
Similarly,
(fog) @) =fgx) =fl*+ 1) =3(*+1)- 1. ©)
From (2) and (3) we conclude that
fog = gof. (4)

® PROBLEM 4-6

Prove that the composition of functions is associative. That is, prove
that if

f:A—=B, g:B—C, h:C—=D

o

hogof

FIGURE 1

(hog)of = ho(gof).
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SOLUTION:

In Chapter 3 we proved that relations are associative and since functions
are relations, this result holds for functions as well. Here is another way of
showing it:

[(hog)of](a)=(hog)lf(a)] =

= h[g(f(a))] foreverya EA. 2)
Similarly,
[ho(gof](@=h[(gof) (@)=
= h[g(f(a))] foreverya EA. 3)
Thus
(hog)of=ho(gof)=hogof. @

® PROBLEM 4-7
1. Letf:A— B, g:B — C. Prove that

a) If fand g are onto, then
gof:A— Cisonto;
b) If fand g are one-to-one, then

g o fis one-to-one.

2. Determine which of the following functions are onto, one-to-one or
bijection.

fiA—=A, A=[-1,1]

fx)=x?, fix)=sinx

f(x)=x3, fix)=sin nx

SOLUTION:

1. We shall show that g o f is onto when both g and f are onto.
Let ¢ € C, since g is onto

3b € B, such that g(b) = c.
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Also, f is onto, therefore,
Ja € A, such that f(a) = b.
We conclude
VcEC 3Fa€A,suchthat(gof) (a@)=c ?2)

hence g o f is onto.
Now we show that if f and g are one-to-one, then g o f is one-to-one.
Suppose it is not the case

(gof)(@)=(gof) (@) (€)
or
g(f(a)) = g(fla’)). (4)
But g is one-to-one. Hence
fla) = fa’). ©)
Also fis one-to-one, hence
a=a’.

We conclude that g o fis one-to-one.

2. Function f(x) = x? (Figure 1) is

P

FIGURE 1

not onto because f{[-1, 1]) = [0,1]. It is not one-to-one because, for example,
- 17 = (V2

Function f(x) = sin x (Figure 2) is one-to-one, but is not onto.

Function f{x) = x3 (Figure 3) is one-to-one and onto, hence it is a bijec-
tion.

Function f(x) = sin x (Figure 4) is onto but not one-to-one.
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FIGURE 2

—— - - -

FIGURE 3

sinmt x

FIGURE 4

® PROBLEM 4-8

Prove that:
Iff:A— Bandg: B — C are one-to-one and onto, then

(gof =f"og™
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SOLUTION:

gof
FIGURE 1

Let 1, be the identity function on A
14(a) = a, Va EA. 2)
By applying the associative law of composition of functions, we find

(flog™Mo(gof)=fTlolgo(goN]=
=f1o[(glog)ofl=fTo(lof)=

=flof=1, 3)

sinceglog=14and 14 of=foly=f.

Similarly,
(8ofNo(ftogt)y=golfo(ftog]=
=go[(foft)og]=
=go(log)=gog™ =1, 4)
Therefore,

(gofyt=f"tog™ %)

® PROBLEM 4-9

1. LetX=[-1,1]and Y =R, and
f:X — Rbe flx) =x%
Find the image of X in R under f.

2. Find the inverse image of [1, 4] in X under f, f(x) = x%.
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3. Prove that:

Iff:X— Yand A CX, B CX, then
fia U B) = ftA) U f(B)

ft4) - f(B) C A - B).

2
(€)

SOLUTION:

1. Letf:X — Y. The image of A C X, denoted by f(A), is the set of images

of points of A
fA) = {f(x): x EA}.
Hence, the image of [-1, 1] is

A-1, 1) = [0, 1].

2. The inverse image f~'(B) of any subset B CY, is the set
fI(B) = {x: x EX, fix) € B}.
The inverse image of [1, 4] is
L, 4) =11, 2]
or

(1, 4) = [-1,-2].

3. First, we shall show that
fiA U B) C fid) U f(B).

Lety € f(A U B), that is, x €A U B exists such that f(x) =y. We have
XEA or x€B then

xXEA=f(x)=y€E f(A) orx EB = f(x) =y € f(B).
Hence
y=flx) and y€EfA)Uf(B).
Now we prove
fiA) U f(B) C (A U B).
Lety € f(A) U f(B) then
yEfA) or y€Ef(B)
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y EfiA) = Ax E A, such that f(x) =y

y € (B) = Ix € B, such that f(x) = y. (13)
Hence
y=f(x) and x €A U B, that is,

y Ef(AUB).
Let y € fA) — f(B). Then 3x € A, such that f(x) = y but y & {f(x) : x € B}.

Hence x & B and x EA — B. Then, y € f(A - B).
® PROBLEM 4-10

Prove the following:
Let f: X — Y, then for any subsets A and B of X,

1. flA N B) C fiA) N f(B) (1)
2. ACB = f(A) Cf(B) @)

3. For any family A, of subsets of X
fUA) =Uf(A,) (€)
f(NAL)CNf(AL) @)

4. Show that inclusion in (1) cannot be replaced, in general, by equal-
ity.

SOLUTION:

1. Suppose y € f(A N B). Hence x € A N B exists, such that f(x) = y. But
x € A and x € B, therefore

y=fx) EfA) and y=fix) Ef(B). ©)
Thus
y €ftA) N f(B) (6)
and
flA N B) Cf(A) N f(B). ()

2. Suppose A C Band y € f(A). Then an x exists such that f(x) =y and x €
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A. Hence x € B and f(x) = y € f(B). Therefore,

A B=fla) f(B) 8)
3. In Problem 4-9 we proved that
flA U B) = f(A) U f(B). )

Similarly,
y EUf(A,) =3 oty Ef(A,) =
=Ix€EA, f(x)=y=3x E%JAa:f(x)=y =
=y =f(x) Ef(UA,). (10)

That proves (3).
Suppose y € f(NA,), then

yef(QAa) sEIxEQAa:f(x)=yE
=3x:Va:xEA . f(x)=y=
Ix:Va:y Ef(Aa)Eyle(Aa)' (11)

4. Consider the function f(x) = x2. Let A = [-1, 0] and B = [0, 1] then
ANB=[0] and f(A N B)=f0)=[0]

fa) = f([-1, 0)) = [0, 1].
fB) = [0, 1}.

flA) N f(B) = [0, 1] = ftA N B) = [0]. (12)

® PROBLEM 4-11

Prove that:

( fX =Y )@( VA,VB:A,BCX ) (1)

f(ANB)=f(A)Nf(B)

is one - to - one

SOLUTION:

First we shall prove =
Suppose f: X — Y is one-to-one. Let A and B be any subsets of X.
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Then, for any y € (A N B)
YEfANB)=Ix:xEANB,flx)=y= (2)
(Note that there is only one x €A N B, such that fix) = y.)
=XEAANXEBAfix)=y=

=yEf(A)rny Ef(B)=y EfA N B). ©))

< Now, suppose for any setsA CX and BC X
flA N B) = ftA) N f(B) 4)
and suppose f : X — Y is not one-to-one. Then x; and x,, x; = x,, exist such that
y = fixy) = fixo). ©)

Let A = x; and B = x,; we have

fA) N fiB) = fix)) N fixz) =y = A N B) =
= f(9)- (6)

® PROBLEM 4-12

Let f: X — Y and let P(X) and P(Y) denote power sets of X and Y
respectively. Function f induces functions

f:P@X) = P(Y) (1)
by XD A — f(A) and

fP(Y) = PX) ()
by

YD B — f(B).

Prove the following:

THEOREM

Let f: X — Y denote one-to-one. Then the induced function

f: PX) = P(Y)

is also one-to-one.
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SOLUTION:
If X = ¢, then P(X) = {$}, and
f:PX) = P(Y)

is one-to-one, because no two different elements of P(X) can have the same
image, as the set P(X) consists of only one element.

Suppose X = ¢, then P(X) has at least two elements. Let A € P(X) and
B E P(X), but A = B. Then x € X exists, such that x € A and x & B. Hence,

fx) EfiA) and fix) & f(B)
because f is one-to-one. We find
ftA) = f(B)

therefore, the induced function is also one-to-one.

® PROBLEM 4-13
Prove the following theorem:

THEOREM

Let f: X — Y, then the induced function f-! : P(Y) — P(X) preserves
the elementary set operations '

L f(UBy) = Ur (B, (1)

2 (DB =0 (B @)

3. (B, -By) =f (B)-1 (B 3)
SOLUTION:
L x €f ' (UB,)=f(x)€ UB, =

=3a:f(x)EB,=3a:xEf (B, =
=x € %Jf-' (B,). 4

2. x€f (NBY)=f(x)ENB, =

=Va:f(x)EB,=Va:xEf(By)=
=x€0f7(By). ®)
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3. xEfYB,-B)=fix EB,-B, =
=fix) EB, A fix) € B, =
=xEf\B)AxEf(By) =

=xEf7'(B) -f(Bo). (6)

We conclude that the induced function f-! preserves the elementary set op-
erations. The induced function f : P(X) — P(Y) preserves unions, but it does
not preserve intersections in general.

® PROBLEM 4-14

Show that:
Iff: X —Y, then:

1. ForeachA CX,
A CffA)].

2. ForeachACXandBCY,
BNfA)=fIf'(B)NA]

in particular,

BN fX) =fIf'(B)].

SOLUTION:

1. Let A represent any subset of X and x € A. Function f maps x into f(x) €
Y. Since function f is not necessarily one-to-one, it is possible that elements
X, X1, X2, ... €xist, such that

f(®) = fix)) = fixy) ... (See Figure 1). 4
Therefore,
x € f[fx)] )
Hence
A Cf-URA)]. (6)
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FIGURE 1

2. Suppose y € Y and
YESIf'B)NAl=3x: [xEf'(B) NA] A [flx) =y] =

=k xEANXESfIB)Afix)=y=

=3r: f(x) EflA) A ) EB A fix) = y =

=yEf(A)AyEB=y€Ef(A) N B. @)
Therefore,
flIF'® NAl=fA)NB. ®)
In particular, setting A = X we obtain
'@ =fx)NB ©)
because
B NX=f1(B). (10)

® PROBLEM 4-15

Prove this theorem:
THEOREM

Let X represent any set and {A, : o € Q} its covering, i.e.
X=U4, (1)
Furthermore, let )
Va 3f:A—Y )
such that
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V(l, f) fa lAa N AB = fﬁ |Aa N AB (3)

Then one, and only one, f: X — Y exists which is an extension of each
foie. Vo:f|Ag=f,.

SOLUTION:

FIGURE 1

Let us define for each x € X, fix) = fo(x), where x € A,,. If also x € Ag, then
f(x) = fp(x) but
falAa N ARx) = f | Ag N Ag(x). (4)

Hence, this is a correct definition of a function: it assigns to an element of X
only one element of Y.

f(X) = fulx) = fo(x). )
The function
f:X—=Y (6)

is an extension of each f, over X. Function fis unique, each x belongs to some
Ay (A, is a covering of X) and the value f,(x) is uniquely defined.

® PROBLEM 4-16

{A 10 EQ}

be a covering of X] i.e.
X= L&JAa

such that if a = B, then A, N Ag = ¢; then the family {4, : a € Q} is
called a partition of X.
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Show that:

If {A, : o € Q} is a partition of X and for each A, f, is given, such that
fo: Aq — Y, then f: X — Y, which is an extension of each f, is
uniquely defined by

f(x) =fulx) for x €A, (1)

SOLUTION:

We shall use the theorem proved in Problem 4-15. Since {A,: o € Q} is a
partition of X, the condition

falAanAB=fB|AanA|3 (2

is satisfied. Therefore, (1) defines a function on X which is unique.

® PROBLEM 4-17

Let
{Aq:0€Q}and {Bg: B EA}

denote two coverings (partitions) of X. Show that

{A,NBy: (0, B)EQ x A}

is also a covering (partition) of X.

SOLUTION:

Both {A,} and {Bg} are coverings of X. Let x € X represent any element
of X. Since

X = LGJAG
o’ exists, such that x € A,-. Also, B~ exists, such that x € Ag-. Therefore, x €
Ay N Bg-.
Hence,
UA_NA =X
(o) & B 3)

and (2) is a covering of X. Now we shall show that if both {A,} and {Bg} are
partitions, then {A, N Bg} is also a partition.
Consider,

(AcNBg) N (Aq N By) =

=(Aqa NAy) N (Bg N By). @)
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Then

A,NA,=¢ fora=a’
and

BgNByg-=¢ forfp=p"
Therefore, {A, N By} is a partition.

® PROBLEM 4-18

Let {A, : o € Q} and {Bg : B € A} denote coverings (partitions) of sets
X and Y, respectively. Show that

{AgxBg: (0, B) EQ x A} 1)

is a covering (partition) of X x Y.

SOLUTION:
Let(x, yyEX x Y. ThenxE€Xandy€E€Y. {A,}is a covering of X. Hence
X=UA, )
a
and
Ja'EQ:xEA,. 3)
{Bg} is a covering of Y. Hence
Y-Us, *)
and B
B EA:yEBy-. 5)
Thus,
(x y) EAg x By (6)
and (1) is a coveringof X x Y
XxY= UA, xB._.
(ap) = P ™

Suppose {A,} and {Bg} are partitions of X and Y, respectively; then
(Aq x Bg) N(Ay x Bg)=(Aq N Ay) x (BgN By) =

=¢ x ¢=¢. 6))

Hence, {A, x Bg} is also a partition.
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® PROBLEM 4-19

Let T be a family of subsets of X. Show that the smallest additive family
U exists, such that T C U.

SOLUTION:
DEFINITION (ADDITIVE FAMILY)
The family of sets U is additive if

AeU,BelU)=AUBED) 1)
Let N represent the class of all additive families S, such that
TCS. 2
Since the family of all subsets of X is an element of N, N = ¢. Let
U=NN\. 3)

We shall show that U defined by (3) is additive.
Let A€ U and B € U, then for every SEN,A € S and B € S. The set N
consists of additive families, therefore,

AUBES. ©))
Equation (4) holds for every S € N, hence
AUBEU. 5)

U is additive.
Now, we shall show T C U. By assumption:

forevery SEN, T CS.
Hence, if A € T, then A € S and

AEU. (6)
Therefore,
AET=A€U @)
or
TCU.

The family U = N N is the smallest additive family containing the family 7,
because U is the intersection of all families with this property.

We define:

The family S of sets is multiplicative, if
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AESABES)=(ANBEY). 8)
For multiplicative families, a similar theorem exists.

THEOREM

For every family T of subsets of X, the smallest multiplicative family U
exists, such that T C U.

® PROBLEM 4-20

Consider the set X and the family T of all its one-element subsets. Find
the smallest additive family U, such that T C U.

SOLUTION:

Since T is the family of all one-element subsets of X, we have
V{a} V{b},{a} €T, {b} ET

{a} U {b}={a b} EU (M

Because U is additive and T C U, U contains all one- and two-element sub-
sets. By the same token, we can show that U consists of all finite subsets of
X.

From the above considerations, it follows that a necessary and sufficient
condition for a set X to be finite is that the family of all its non-empty subsets
must be identical with U.

Note that by using this property, we can define a finite set without refer-
ring to the concept of natural numbers.

® PROBLEM 4-21

Let S denote a family of sets and S” denote the family of all sets of the
form D" = A — B, where A, B € S. Prove that

s'Cs”. (1)

SOLUTION:

The set.S” consists of
S={D":D"=A-B,AESABES} 2)
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while S”” consists of
S“={D":D”"=E"- FEEES"AF €5}. 3)
We understand that
§” =Y (4)
From (2) and (3), we obtain
S“={D":D”"=(A-B)-(G-H),A, B,G,HES} 5)

where E'=A-Band F" =G -H.
Suppose A” € S, then

A'=A-B 6)
where A, BE S.
Since S~ consists of all sets of the form A — B, we conclude that
vES” (7)
Therefore,
A-B)-(A-A)=(A-B)-¢=A-BES” 8
and
S CS”. C)

The inverse inclusion, in general, is false.

® PROBLEM 4-22

Prove that:

AB=¢p)<=> (A =90AB=0).
Remember that A8 = {f: f: B — A}.

SOLUTION:

< Suppose A = ¢ and B = ¢. Then fE AB impliesfCB x A=B x ¢ =¢. But
¢ is not a function f: B — A, B = ¢ and A = ¢. Therefore,

AB = ¢. )
= Suppose A = ¢. Then Ja : a €A and
{(x, a) : xEB}
is a function from B to A. Hence
AB = §. 3)
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Now, suppose B = ¢, then ¢ is a function from B to A and
AB = .

® PROBLEM 4-23

Prove that:

(AB = BA) = (A = B).

SOLUTION:
Suppose AB = ¢, then a function f exists, such that
f:B—A

F € AB = BA. Since f € A5, the domain of f is B.
On the other hand, since F € B4, the domain of fis A. Thus,

A=B. )
Now, suppose AZ = ¢ then
AP=9)=(A=9¢AB=¢). (€))
Hence A = ¢.
But AB = BA = ¢ and B = ¢. Therefore,
A=B. (4)

® PROBLEM 4-24

Let F(X, R) denote the set of all real-valued functions fE€ F(X, R)
f:X—R. 1)

Show that F(X, R), with the usual algebraic operations, forms a real lin-
ear vector space.

SOLUTION:

We shall define algebraic operations on the elements F(X, R). Letf: X —
R and g: X — R and a € R, then we define

(F+8) () = flx) + g(x) 2
(@ HE=a fk )
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(f-8) () =flx) - gx) 4)
f+ta)x)=flx)+a )

We shall verify that F(X, R) satisfies the axioms of the real linear vector space:

(S

- fre+()=f+(g+h)

2. frg=g+f

3. 30 EF(X, R), such that VfE F(X, R), f+0 = f

4. VfEFX, R) 3-fEF(X, R),suchthatf + (-f)=0
5. a-(b-f)=(ab) - ffor any real numbers a and b

6. 1-f=f

7. a-(f+g)=af +ag

. @+b)f=af+bf

oo

® PROBLEM 4-25

Let X represent the space (universal set), and A any subset of X. The
characteristic function of A is defined by

1 fxeEA
0 ifxe€A (1)

X, (%)= {

Show that
. Xanp=XsXp @)
2. Xqup=Xa+Xp—Xsns 3

3. Xy_p=X4—Xans 4

SOLUTION:

1. We shall prove that
Xanp=Xs Xp )
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Suppose x €A N B, then
XAnB =1 andXA =XB= 1.

If, on the other hand, x € A N B, then X4 A 3 = 0 and at least one of the func-
tions X, or X is equal to zero, X, - X = 0.
2. XAUB= 1 when

(@ xEAAXEB

b)x&AAXxEB

(c) xEAAXEB

For (a) we have Xy + Xg—X,n3=1+0-0=1; for (b) we have X, + Xp —
Xang=0+1-0=1;for(c)we have Xy, + Xg—Xyqp=1+1-1=1.
If XAUB=09 thenx$A and x¢B henceXA +XB-XAnB=0'
3. Suppose X, _p=1,then xE A and x & B,
XA— XAﬂB=1_0=1
IfXA_B=0, then

(a) x&A, or
(b)xEAAXEB

FOl'(a)XA—XAnB=O—O=O;fOY(b) XA— XAﬂB=1'1=O-

® PROBLEM 4-26

Prove the following:
THEOREM

Let f: A — B represent relation-preserving, and let R represent rela-
tion in A, and S relation in B. Then, there is one, and only one function
1
B (1)

such that Fe=3

peof=Fop, (2)

F is called the function induced by fand p, : A — 4/ and pg : B — 58/4 .
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SOLUTION:

Let us start with the definition.

DEFINITION (RELATION-PRESERVING FUNCTION)

Let A, B denote two sets with equivalence relations R and S respectively. A
function f: A — B is called relation-preserving if

(a, b) ER = [fla), b)] € S. 3)

Now we shall show that the diagram

FIGURE 1

commutes. An equivalence class (see Problem 3-23) is denoted by [a]. Let us
define function F by

F:[a] = [fla)] )

where [a] € 4/ and [f(a)] € B/s. Note that the equivalence class, [f(a)] € /s
is independent of the representative a € [a].

Take for example, a” € [a], then (a, a”) € R; but since f is relation pre-
serving,

(a, a) ER = [f(a), (a")] ES. 5)
Therefore,
fla) E[fa)] and f(a’) € [f(a)]

and F defined by (4) is uniquely defined.
Function F is unique because p, is a surjective. Suppose F* is another
function for which the diagram commutes, then for at least one [a] E4/z,

F*([a]) = f([a)). (6)
But since p, is a surjective, (6) leads to
F* o ps(a) = F o ps(a) (7
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which is impossible, because of commutativity.
That the diagram commutes follows from

ps o fla) = [f(a)] = F([a]) = F o px(a)- ®)

® PROBLEM 4-27

Let f: A — B. Show that
(@, ) ER < fla)=f(b) (1)

is an equivalence relation and show that a function F : 4/ — B exists,
such that

f=Fop 2

i.e. show that the diagram (Figure 1) commutes.

—f 5

F

A
Pa'
A

R

FIGURE 1

SOLUTION:

We shall show that (1) defines an equivalence relation.

1. Va€A:f(a)=fla)= (a, a) ER.
2. Va,bEA: (a, b)ER < fla)=f(b) < (b, a) ER.

3. Vab,cEA:(a, b)ERA (b c)ER <= fla) =f(b) A f(b) = flc) =
= fla)=f(c) = (a, c) ER

Hence, R is an equivalence relation.
Let us define F : 4/, — B by

F([a]) = ). 3)
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Function F is uniquely defined. Indeed, suppose b € [a], then

(a, b) ER = fla) = f(b). @
The diagram commutes because
(F o p) (a) = F(p(a)) = F([a]) = fla). ©)

® PROBLEM 4-28

Let {A, : o € Q} be a family of sets. Define the Cartesian product of

{Ad}-

SOLUTION:

The Cartesian product of two sets A; and A,, denoted A; x A,, was de-
fined as a set of all ordered pairs

Al X A2={(a, b):aEAl /\beAz} (1)
On the other hand, A; x A, can be considered to be the set of functions f of the
index set {1, 2} into A; U A,, such that
f{L,2} =A UA,

f1)EA, and f(2) EA,. @)
DEFINITION

Let {A, : a € Q} represent the family of sets. The Cartesian product,
denoted X' A , is the set of all maps
a

F:Q—-UA, 3
such that
VaEQ:F(a) EA,.

Anelement f € XA  is usually denoted as {a,}, where Vo € Q : f(a) € a,,.
The elementmaot € A, is called the a'h coordinate of {a,}.
The set A, is called the a'h factor of XA .
When the index set of Q is the set of natural numbers and all A,are A, =R,
where R is the set of real numbers, we obtain

n

XR=R"

m=]

the n-dimensional Euclidean space; and the product,
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XR,
n=1

is the extension of the n-dimensional space R” to an infinite number of di-
mensions.

® PROBLEM 4-29

Prove that the following properties are equivalent:

1. IfeachA, = ¢ and {A, : o € Q} is a non-empty family, then XA , = ¢
o

2. The axiom of choice.

3. IfeachA, = ¢ and {A, : o € Q} is a non-empty family of sets, then
a function F:Q —|_JA , exists such that Va € Q : F(a) € A,. F is
called the choice function.

SOLUTION:

(1) =(2).
Suppose {4, : a € Q} is a non-empty family of sets. Since XA , = ¢,an
element F = {a,} exists and *

F(Q)

is a set which satisfies the axiom of choice.

@)= ().
Let us define for each a € Q

Ay = {CX.} x Aq

Each A’ is a non-empty set.

According to the axiom of choice, a set T exists consisting of exactly one
element from each A”,. Hence, for each a, there is a unique (o, a,) €T, a, €
A,

TCU{a}xA,)CUQxA,)=Qx UA,
o o o
and T is a function
T:Q—-UA,.
o

3 =1).
IfF:Q— %JA «»> then F is an element of )gA o
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® PROBLEM 4-30

Let {A, : a € Q} represent a family of non-empty sets, and let
ACQ.

Show that the function
P:X{A_, :0€EQ} =X{A :a EA}

defined by
P(F)=F|A
is onto and that each projection
PyXAua,

is onto.

SOLUTION:
Let fbe any element
fEX{A,:aEA}. 4
We shall show that
FEX{Ay,:aEQ} 5)
exists, such that
P(F)=f. (6)
By Problem 4-29 part 3, a choice function exists such that
G: Q-A—=-U{A,:aEQ-A} @)
Then
F: Q—-U{A,:a€EQ} ®
defined by
F|A=f
FIQ-A=G ©)
is an element
FEX{A,:a EQ} (10)
and
P(F)=F|A=f

Setting A = {B}, p € Q we obtain pg = P, which completes the proof.
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® PROBLEM 4-31

Two families are given {A, : o € Q} and {B; : § € A}. Prove that

(G4 (U5) " o @ex B0 O
SOLUTION:
Suppose
(a.b) €(YA ) x (UB,) @
then
a EakézAa and bEﬁkéJABﬁ. 3)

Hence, for some a € Q, a €A, and for some € A, b € Bg. Therefore,
a €A, and b € Bg for some (o, ) € Q x A.

Therefore,
(a, b)EA, x Bgforsome (o, ) EQx A 4)
and finally
(a,b)e U A xB_. 5)
(a,B)EQxXA B
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® PROBLEM 5-1

Let N={1,2,3,...} and P = {2, 4, 6, ...}. Show that N and P are

equivalent sets. Are they infinite?

SOLUTION:

We shall start with a very important definition.

DEFINITION OF EQUIVALENT SETS

Two sets A and B are called equivalent, written A ~ B, if a function f: A
— B exists, which is one-to-one and onto. Function f defines a one-to-one
correspondence between the sets A and B.

Let us define
fin—=2n, f:N—P. (1)

Function (1) is one-to-one and onto. Therefore, sets N and P are equivalent.
Here is another definition.

DEFINITION OF FINITE SETS

A set is finite iff it is empty or equivalent to {1, 2, ..., n} for some n €EN.
Otherwise, the set is called infinite.

The set N is infinite because it is not empty and not equivalent to any set
{1, 2, ..., n}. Since N and P are equivalent, P is also infinite.

® PROBLEM 5-2

Determine which of the following pairs are equivalent sets.

1. {1,2,3} and {a, b, 4}.

2. Points of two circles.

SOLUTION:

1. There is a one-to-one and onto correspondence between the sets {1, 2, 3}
and {q, b, 4}.
f:l1—a
2—b
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3—4
Two finite sets are equivalent if, and only if, they contain the same number
of elements.

2. We can assume that circles are concentric.

e 2

FIGURE 1

f(@)

f(b)

If they have equal radii, then equivalence is obvious. If r; = r,, we can estab-
lish a one-to-one and onto correspondence in the following way:
Let a represent any point on the circle C;. Then f(a) is the point of inter-
section of the radius from the center, through a, to C,, as shown in Figure
1. Function f defined above is one-to-one and onto. Hence the sets con-
sisting of the points of C; and C, are equivalent.

® PROBLEM 5-3

Show that the open interval ]-1, 1[ and the real axis R are equivalent.

SOLUTION:
Consider the “structure” shown in Figure 1.
1
A
b
a
(c) (b) _
0 f(a) fi)  x
b
¢ B
-1
FIGURE 1
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The “upper” half of the interval is mapped on the positive part of the real
axis in the following manner:
Let a represent any point, such that a € ]1, 0]. We will draw a line from
point A (which is at the same level as point 1 of the interval, and to the
left of it) through point a to the x-axis. The point of intersection is f{a). In
the same manner, we assign a unique point of the negative axis (x < 0) to
each point of ]0, —1[. The determined function is one-to-one and onto.
Hence, the open interval }-1, 1 is equivalent to R.
Another way to show it is to define function f, such that

f:1-1,1[ =R and f(x) = 1_’jx|.

Function f is onto and one-to-one. The desired result follows.

® PROBLEM 5-4

1. Show that the set of elements of any infinite sequence of distinct
terms is denumerable.

2. Prove that the relation A ~ B (A is equivalent to B) is an equivalence
relation.

SOLUTION:

1. We shall start with a definition.

DEFINITION OF DENUMERABLE SETS

Set A is called denumerable if it is equivalent to the set of positive inte-
gers N = {1, 2, 3, ...}. Such a set is said to have cardinality aleph-null,
denoted X or card N.

Let us define the function f: N — {a,} by
fin—a,

Its domain is the set N and its range is the set of all elements of the sequence
(@n)-

Since the elements of (a,) are distinct, the function is one-to-one and onto.
Hence, the set of elements of an infinite sequence of distinct terms is denu-
merable.

DEFINITION OF COUNTABLE SETS

A set is called countable if it is finite or denumerable.

126



Any sequence is a countable set.

2. We shall show that A ~ B is an equivalence relation. The identity func-
tion , i.e.

l:x—x

is a one-to-one mapping of the set A onto itself. Since the inverse of a one-to-
one mapping is one-to-one, it follows that

(A ~B)= (B ~A).

The composition of two one-to-one and onto mappings is one-to-one and
onto. Therefore,

(A~B)yA(B~C)=A~C.

Remark:
Relation ~ is an equivalence relation. Hence we can classify the sets with
respect to their power. .
To each set A we assign a cardinal number (denoted sometimes by A or
card A) in such a way that the same cardinal number is assigned to two
distinct sets if these sets are equivalent (have the same power).

® PROBLEM 5-5

1. Show that the lattice points (n, m) in a plane form a denumerable set,
where n and m are integers.

2. Show that the set of positive rational numbers is denumerable.

SOLUTION:

1. Let us order the lattice points in the manner shown in Figure 1.

FIGURE 1
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We order the set of lattice points into a sequence. That is, we establish a one-
to-one and onto correspondence between the set of natural numbers, and the
set of lattice points.

The lattice points are ordered as follows:

00 -1
o,1) -2
(L, -3
(1,00 -4
(1,-1) — 5 etc.

The ordering starts at the origin.

2. The set of rational numbers is arranged as shown in Figure 2.

el
e
/S

abo

1

I

1 /
5 FIGURE 2

The diagram is traversed in the diagonally arrowed path. Every positive
rational number will be included. This procedure establishes a one-to-one
and onto mapping between the set of positive integers N and the set of ratio-
nal positive numbers

1 -1,
-2/
3-Y,
-1/

Hence, the set of rational numbers is denumerable.

® PROBLEM 5-6

Prove the following:
THEOREM

The set of all real numbers is non-countable.
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SOLUTION:

To prove this theorem, it suffices to prove that for every sequence of real
numbers a;, ay, ..., a,, ... a real number, a, which does not belong to the se-
quence, exists.

We define a sequence of closed intervals

ay Bl’ &%) BZ’ ceey Oy Bn’ (1)

such that
1

B,-an, = and a,B,Ca, B, ,, anE B 0))
We divide the closed interval [0, 1] into three [0, /3], [Y/3, %3], [%/3, 1] and
choose one which does not contain the point a;. That interval is a8;. Simi-
larly, we divide a,f, into three intervals and choose the one which does not
contain a,. That interval is a,f,. So, in the closed interval a, 8, _, we
determine a closed interval o,,8, of length %, , which does not contain the point
a,. Let a denote the common point of all the closed intervals o8,

a=0Na,p, 3)

n =1

Then
a=Ilim a, =n11_r.r<1p Bn- C))

n —»o

For every n, a € o8, while a = a,, because a, & o,,f,.

We have a sequence of real numbers (a,, a5, a3, ...). A real number, a,
exists, which does not belong to the sequence.

Hence, the set of real numbers is not countable.

® PROBLEM 5-7

Show that the union A U B of two countable sets A and B is countable.

SOLUTION:

The set A is countable, therefore its elements can be written in the form
of an infinite sequence

7 O (1)
Similarly, the elements of B can be written in the form of a sequence
by, by, ..., by, ... 2)
We form the sequence
ay, by, az, by, a3, bs, ..., a,, b, ... 3)
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The terms of sequence (3) form the set A U B. Hence A U B is a countable set.
From this, we conclude that the set of all integers is countable.
The set of all positive integers is countable and the set of all negative
integers is countable.

® PROBLEM 5-8

Prove that the set of all rational numbers is denumerable.

SOLUTION:

Let O* denote the set of positive rational numbers and let O~ be the set of
negative rational numbers. Then the set of all rational numbers Q is

Q=0 Vo U{0}. (1)

In Problem 5-5 we proved that the set of positive rational numbers Q* is
denumerable. By the same token, we can show that the set of negative
rational numbers O~ is denumerable. The sets Q*, O~ and {0} are countable.

From Problem 5-7, we conclude that the set Q is denumerable as the union

of O*, O~ and {0}.

® PROBLEM 5-9
Prove the following:

THEOREM

The Cartesian product of two (or, more generally, of a finite number
of) countable sets is a countable set.

SOLUTION:

First we shall prove that the set of pairs (m, n), where m and » are natural
numbers, is countable.
We will arrange the pairs in a sequence, in such a way that if

m+n<m +n’ 1)

then (m, n) comes before (m", n*). If m + n=m" + n’, then the pair with the
smaller antecedent comes first. We obtain the sequence of pairs

(1,1),(1,2),(2,1),(1,3), (2,2), 3, 1), (1, 4), (2, 3), ... @
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Similarly, using the indexes of a,, and b,,, we write

(@1, b, (a15 ba), (a2, by), (a1, b3), (a2, b2), (a3, by), (ay, by), ... (3)
Suppose A and B are countable sets, then
A ={ay, ay, a3, a4, ...} and B ={b, by, b3, ...} “)
The Cartesian product of A and B is
A x B={(a,, b,):a,EA D, EB}. 5)

The elements of A x B can be arranged in a sequence as shown in (3).
If the sets A, B, and C are countable, then A x B is countable, and

AxB)yxC=AxBxC

is a countable set. Hence, the Cartesian product of a finite number of count-
able sets is a countable set.

It is easy to conclude from the above theorem that the set of all rational
numbers is countable.

® PROBLEM 5-10

Prove:
The collection P of all polynomials with integer coefficients

p(x)=ag+a;x +a + ... + ax"

is a denumerable set.

SOLUTION:

Let us define for each pair
(m,n)€ NxN 2
the set P, of polynomials p(x) of degree n, such that

lag|+|ai|+... +|a,|=m. 3)

For each pair (m, n), the set P,,, is finite.
The set of all polynomials P can be represented as

P= U (P,,:(m n)E€ Nx N}. @

The set P is a countable union of countable sets, therefore, P is a countable set.
Since P is not finite, P is denumerable.
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® PROBLEM 5-11

Prove that the set €2 of algebraic numbers is denumerable.

SOLUTION:

A real number g is called an algebraic number if g is a solution to a poly-
nomial equation

aX"+ ...+ax+ay=0 (1)

with integral coefficients.
The set P of all polynomials with integer coefficients is a denumerable
set (see Problem 5-10). Hence

P ={fi(x)=0,£(x)=0,f3(x)=0, ...} @
where f, f5, f, ... are polynomials.
Let us denote by Q;
Q; ={x: f(x) =0} )

the set of the solutions of f;(x) = 0. Since a polynomial of degree m has, at most,
m solutions, each Q; is finite. Therefore

Q- igN Q, @

is denumerable.
The set of all real numbers is non-countable. Each real number is either
algebraic or transcendental (i.e. non-algebraic),

R=QUT

where T is the set of transcendental numbers. We conclude that transcenden-
tal numbers exist and that the set T of transcendental numbers is non-count-
able. The members e and x are transcendental numbers.

® PROBLEM 5-12
Use the axiom of choice to prove:

THEOREM

Every infinite set A contains a subset B which is denumerable.
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SOLUTION:

Let P(A) represent the power set of A, that is, the class of all subsets of A.
We define the choice function F, such that

F:PA) —A. (1)
For each non-empty subset D of A, D C A, (D) € A. By virtue of the axiom

of choice, such a function exists. We shall start from the “top” and move
“down”:

FA) = a,
FA-{a1})=a;

FA—{ay, a2}) = a3

F(A—{alv az, .- an})=an+1' (2)
The set A is infinite, hence for every n € N, the set
A- {ab az, ..., an} ¢¢ (3)

is non-empty.
Since F is a choice function

a,=a; for n=k (6]
Hence all a,, are distinct and the set

B={ay,ayas, ...} 5)
is a denumerable subset of A, B C A. In the first step, the choice function F

chooses one element from A, F(A) = a;. Then from the set A — {a,}, the choice
function F chooses ay, F(A — {a;}) = a,. The remaining setA — {a;, a,, ..., a,}
is non-empty because the set A is infinite.

® PROBLEM 5-13

Prove the theorems:

1. A subset of a denumerable set is countable.

2. Every subset of a countable set is countable.

SOLUTION:

1. LetA denote any denumerable set
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A = {ah a, as, '“} (1)

and let B denote a subset of A, BC A. When B = ¢, then of course B is finite.
If B = ¢, then we can denote the least positive integer as k, such that

a K, € B. ©
By k, we denote the least positive integer, such that
k,>k and akZEB. 3)
By repeating the procedure, we obtain
B={akl,ak2,ak3,...}. 4)

If the set of integers {ky, k,, ...} is finite, then B is finite, otherwise B is
denumerable.

2. Suppose A is a countable set, then A is either finite or denumerable. In
either case, its subsets are countable.

® PROBLEM 5-14

Let A and B denote disjoint sets, A N B = ¢, and let A denote an infinite
set and B denote a denumerable set. Show that

AUB-~A. (1)

SOLUTION:

Since A is an infinite set, it must contain a denumerable subset P =
{p1, P2, P3, ...} (See Problem 5-12).
Let us write

AUB=A-P)UPUB) and A=(A-P)UP. )

We shall establish an equivalence relation between A U B and A in the fol-
lowing manner:

X for xEA-P
f(x)= Py for X=PDp
]ph for x=>b, (3)

where
B = {by, by, b5, ...} 4

Figure 1 illustrates function f(x).
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AUB=A-P)Uu(PUB)

G—Du{p,,p,,p,....b,,b,,b,...])
L\ N / /]

fx)=x

A—P (U Pp,PyPsy P Pss P -} A=A-P)uP

FIGURE 1

Function f: A U B — A is one-to-one and onto. Hence, the sets A U B and A
are equivalent

AUB~A. (5)

® PROBLEM 5-15

Prove the following important theorem:

THEOREM

Let {A,, A,, A, ...} denote a countable sequence of countable sets,
then the union

A=A UA,UA; U ... (1)

is a countable set.

SOLUTION:

We proved (see Problem 5-9) that a Cartesian product of two countable
sets is a countable set. From that, it follows that every double sequence can
be transformed into a simple sequence. The elements of the array

A1 A125 +-o5 A1y = +-

A1, Q22 «-v5 A2y -+

Amls Ads - > Apany -+ 2)
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can be written in the form of the infinite sequence. Each of the sets A,, is a
countable set. Therefore,

A,= {aml’ A2, A3, -} (3)

We obtain a double sequence as in (2), because all A,, are countable. A
double sequence (a,,,) can be transformed into a simple sequence with pos-
sible repetitions

a, 4y, 421, a3y, --- (4)

We apply the axiom of choice, because the set of sequences consisting of the
elements of the set A,, contains more than one element. We showed here that
the elements of the set -

A=A UA,UA, u...=HA,, ©)
can be arranged in a sequence. Therefore, A is a countable set.

® PROBLEM 5-16

Prove that the set of all intervals on the real axis, with both endpoints
rational numbers, is countable.

Is the set of all oriented intervals on the real axis, with both end-
points rational numbers, countable as well?

SOLUTION:

The set of rational numbers Q is countable. Hence the Cartesian product
Q x Qs a countable set. Let P denote the set of intervals

P={[a b]l:a €QAbEQ}
with endpoints rational numbers. We define mapping f, such that

f:P—= Q0 xQ
fila b= (@b EQ x QO

When P is the set of oriented intervals, then f is one-to-one and onto. Indeed,
for example

f10,1p=(0, 1)
A11,0]) = (1, 0).

Therefore, the set of oriented intervals is countable. From that, we conclude
that the set of intervals is countable.
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® PROBLEM 5-17

Show that the power set 24 of A is equivalent to the collection of char-
acteristic functions on A, C(A), i.e. prove that

24 ~ C(A). (1)
SOLUTION:
Let B represent any subset of A,
Be?2A 2
We define function
f:24 = C@A) )
in such a way that
1 if xEB
B)=X_ = .
f(B) =X, {O if x&B 4

Then function f is one-to-one and onto. Therefore, the sets 24 and C(A) are
equivalent.

24 ~ C(A). )

® PROBLEM 5-18

SOLUTION:

The set Q of all rational numbers is countable.
Now, consider the set P of all points in a three-dimensional space, such
that p € P, if all three coordinates of p are rational numbers

P={p:pER%p=(p,,p2, P31 EQAP,EQAP;EQ}.
It is easy to see that
P~0 xQ x Q.

Hence, the set of centers of the spheres is countable. The radii of the spheres
are rational numbers.

Let O* represent the set of all non-negative rational numbers. Then the
set of all spheres, which have the rational coordinates of the center and
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rational radii, is equivalent to the set @ x QO x Q x Q% The Cartesian
product of a finite number of countable sets is a countable set.

Therefore, @ x Q@ x Q x Q%is a countable set and the set of spheres is
countable.

® PROBLEM 5-19

Show that every set of disjoint intervals is countable.

SOLUTION:

Let P denote the set of disjoint intervals, and let p € P represent an inter-
val

p=[o,f] )
where a and 3 are real numbers. We can always find an interval p”, such that
p =[ab] )

and p” Cp, that is
[a, b] C [a, B] ©)

where a and b are rational numbers.

The set of rational numbers is countable. Hence, the set of all intervals
with rational endpoints is countable.

Let F : P — P’ represent a one-to-one and onto function, such that to
every interval [a, ] € P, F assigns an interval [a, b], such that [a, b]C [a, B]
and a and b are rational numbers. Here P~ is the set of disjoint intervals with
rational endpoints. Since P is a subset of a countable set (the set of all inter-
vals with rational endpoints), P is countable.

Therefore, P is also countable.

® PROBLEM 5-20

Prove that the set of proper maxima of the function is countable.

SOLUTION:

Let frepresent a function with real arguments and values.

DEFINITION

Function f has a proper maximum at the point a, if an interval [b, c] exists
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such that a € )b, c[, and such that for each x € ]b, c[ and x = a,
fx) < fa). 1)

For each point x”, which is the proper maximum of function f(x), an inter-
val [b, c] with the properties described in the definition exists.

It is possible that to the proper maximum x~ there corresponds an interval
[b’, ¢] which contains another proper maximum (or maxima) as shown in

Figure 1.
y A

X X c X

U:-—

FIGURE 1
For each proper maximum, we can_find an interval [a, ] with the rational
endpoints which does not contain other proper maxima. Hence, we obtain a

family of disjoint intervals, which is countable (see Problem 5-19).
Therefore, the set of proper maxima of the function is countable.

® PROBLEM 5-21

Prove that the set of points of discontinuity of a monotonic function in
an interval [a, b] is countable.

SOLUTION:

Suppose f(x) is a monotonically increasing function. Function f(x) is dis-
continuous at a,, if and only if

p(@)=fa+0)-fla-0)>0 ¢))

where f (o + 0) denotes the right-hand limit, and f{a. — 0) the left-hand limit.
Of course, we should set

fla-0)=f(a) and fb+0)=fDb). )
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If

a<o <0y<..<o<b 3)
and
O, <Xy <Oy yg )
then
fixy) = fxu - 1) = floy + 0) = flay, = 0) = p(av,). ®)
Hence s s
f(b) -f(a) = Y, [f(x,) - f(x, )= D, p,) ©)
where het h=l
xp=a and x,=b. 7
When o, are numbers with p(a.,) > 1/,,, it follows that
M < n[fib)-f(a)]. )

Therefore, the number of points of discontinuity a with p(a) > !/, has a fixed
upper bound. Thus, a finite number of points of discontinuity with p(a) > 1/,
belong to the interval [a, b].

Now we can write the finite number of points of discontinuity with p(a) >
1, then p(at) > Y/,, then p(ct) > 1/3, etc.

For each point of discontinuity a, n exists, such that p(a) > 1/,. Therefore,
each point of discontinuity appears in the sequence. The set of points of
discontinuity is countable.

® PROBLEM 5-22

Prove this rather amazing result: that the set of points of a straight line

and the set of points of a space are equivalent, that is, that R' and R3 are
equivalent.

SOLUTION:

We shall first prove that the set of points of a cube of unit length and the
set of points of an interval [0, 1] are equivalent. The cube is shown in
Figure 1.

The coordinates of a point P interior to the cube are x, y z. Each of these
real numbers can be written as a decimal fraction

X = 0.0102(13 ves

140



“|

P(x,y,2)
[ ]
1 -y
1
X FIGURE 1
y= O.b1b2b3 cee
z2=0.cicyc3 ...

Let us form a real number p in the following manner:
P= 0.a1b1C102b2C203b3C3 vee

Hence, to every point P interior to the cube a unique point p can be assigned,
where 0 < p < 1.

This is a one-to-one and onto mapping. Therefore, the sets of points of an
interval and of a cube are equivalent. Since the interval and the whole real
axis are equivalent, the result follows.

It is surprising that the sets of different dimensions are equivalent. A one-
to-one and onto correspondence between them exists.

Hilbert, Peano and Brouwer proved that this correspondence cannot be
continuous.

THEOREM (HILBERT, PEANO, BROUWER)

No one-to-one correspondence that maintains continuity exists between
two continuums of different order.

Correspondence is continuous when the neighboring points of one con-
tinuum can be mapped to the neighboring points of the other continuum.

® PROBLEM 5-23

Show that, if A ~ B, then
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SOLUTION:

Sets A and B are equivalent, hence a function
g:A—B

exists, which is a bijection (one-to-one and onto).
Let f € AC. We must define a function

G:A¢ — BC

which is a bijection, to show that the sets A€ and B€ are equivalent.

Let us set (see Figure 1)
G()=gof.
Function G is one-to-one, since
gof=gohimplies f=h.
Function G is also onto, because for # € BC, we obtain
Glgloh)=gogloh=nh

Since G is one-to-one and onto, it is bijective. Hence A€ ~ BC.

C
f gof, gof =G(f)
A bijection - B
[¢]
FIGURE 1

@

®)

)

©)

® PROBLEM 5-24

Show that

A€ x BC~(A x B)C.

SOLUTION:

We repeat
AC={f:f:C—A}.
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We define

G:A¢ x B¢ — (A x B)¢ A3)
in such a way that
G(f, &) (x) = (f(x), g(x)) for all x € C. )
Function G is one-to-one. Indeed let
G(f1, 81) = G(f2, 82)- (5)
Then, for all x € C
G(f1, 81) (x) = G(f2, 82) (%) (6)
and
(fi®), 81(x)) = (%), g2(x))- @)
Hence
fi) = fo(x) forall x € C
and
g1(x) = go(x) for all x € C.
Thus

fi=f, and g =g,

(f1> 81) = (F2> 82)- ®
Now we shall prove that G is onto. Leth €(A x B)C,
h(x) EA x Bforallx&€C.

Let

(h(x), ha(x)) = h(x). ©)
Then

h; €AC€ and h,EBC

(hy, hy) EAC x BC. (10)
Thus

G(hy, hy) = h since (11)

G(hy, ha) (x) = (), ha(x)) = h(x) (12)

forallx € C.

Function G : A€ x B¢ — (A x B)C is bijective, hence, the sets AC x BC
and (A x B)C are equivalent.
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® PROBLEM 6-1

The power of the set of natural numbers is denoted by card N (or X) and
the power of the set of real numbers is denoted by card R or by C
(continuum). These are the most important of the infinite cardinal num-

bers. The following important inequality holds:
card R = card N. 1)
Prove (1) by applying the results of Chapter 5.

SOLUTION:

In Chapter 5, we showed that for every sequence of real numbers ay, a,,
as, ..., a,, ..., we can define a real number b, which does not belong to this
sequence. This can be formulated in the form of a theorem.

THEOREM

The set of all real numbers is non-countable.

Therefore, a cardinal number assigned to the set of natural numbers, card
N, is different from the cardinal number assigned to the set of real numbers,
card R.

card R = card N

The cardinal number assigned to the set A is denoted by card A.

® PROBLEM 6-2

In Problem 3-26, we discussed the axiomatic formulation of set theory.

Describe how the concept of cardinal numbers can be established axi-
omatically.

SOLUTION:

The cardinal numbers describe the “size” of the sets. In this sense, they
can be considered a generalization of natural numbers. To the set of, say, five
books, we assign the natural number five, which describes how large the set
is.

The axiomatic formulation given here does not define a cardinal number
and is not related to counting. The concept of a cardinal number is related to
“size.” We want to determine if one of two given sets has more members
than the other. Thus, we do not have to count; just pair off each member of
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one set with a member of the other and see if any elements are left over.
The following axioms introduce the concept of cardinal numbers:

I.  Each set X is associated with a cardinal number, denoted by card X, and
for each cardinal number p, a set X exists such that

card X =p.
II. CardX=0,if and only if X = ¢.

III. If X is a non-empty finite set, that is, X ~ {1, 2, ..., n} for some n € N,
then card X = n.

IV. For any two sets X and Y, card X = card Y, if and only if X ~ Y.
Axioms I and IV are usually called the axiom of cardinality.

From II and III, we see that the cardinal number of a finite set is the
number of elements of that set.

® PROBLEM 6-3

Explain why
card N < card R 1)

where N is the set of positive integers and R is the set of real numbers.

SOLUTION:

The cardinal number of a finite set is called a finite cardinal number.
Finite cardinal numbers are actually non-negative integers. The cardinal
number of an infinite set is called a transfinite cardinal number. Finite cardi-
nal numbers have the inherited order of natural numbers

O<1<2<..<n<n+l< .. 2

The question is how to compare two transfinite cardinal numbers. By apply-
ing axiom IV (see Problem 6-2), we can determine whether two cardinal
numbers are equal or not. To establish which of the two cardinal numbers is
“larger,” we shall use the following: )

DEFINITION

Let A and B represent two sets and card A and card B denote their cardi-
nal numbers, respectively. Then card A is said to be less than card B; we write
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card A < card B 3)

when the set A is equipotent to a subset of B, but the set B is not equipotent to
any subset of A.

A~C

FIGURE 1

D does not exist, such that D CA and D ~ B.
The set N is a subset of R, hence N is equipotent to a subset of R
N~NCR. 4
The infinite set R is nondenumerable. Thus, R is not equipotent to any subset
of N. Therefore,

card N < card R. )

® PROBLEM 6-4

Let m denote any finite cardinal number. Prove that

m < card N.
SOLUTION:
Let A represent the subset of the set of natural numbers N.
A={12,...,m} 2)
Then
cardA=m and ACN. 3)
We have
m=card A <card N “)

because the set A is equipotent to a subset of N, but N is not equipotent to any
subset of A (see Problem 6-3).
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® PROBLEM 6-5
Prove the following:

LEMMA

If B is a subset of A, and if an injection (one-to-one) f: A — B
exists, then there is a bijection (one-to-one and onto) g: A — B.

SOLUTION:

If B = A, then the identity function is one-to-one and onto (bijection).
Suppose B is a proper subset of A. Let us denote the set

c-Uf-5) )
by C where f 0 is the identify function on A and
frx) = ff"(x) @

for each x € A and for each positive integer n. Note that A — B C C and
A(C) CC. For any two distinct non-negative integers m,n, the sets f™(A — B) and
f™A — B) are disjoint.

Indeed, suppose f™(A — B) N f*(A — B) = ¢, then x,, x, € A — B exists, such
that

fmx) = f(x2) G)
and
f™x) = (™) = (" (x2) Q)
Function f is one-to-one, hence
frx)=x,€EA-B)NB ©)

is a contradiction.
We define functiong:A — B

f(x) for xE€C

8(x) ={ x for xeA-C ©)

Function g is one-to-one, also:
8A)=f(C)UMA-C)=

=f(90f”(A _B)U(@A- g)f"(A -B) -

=(gﬂ(A ~B)U(4- g)f"(A - B)) -
~A-(A-B)=B. U
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Remember f9 is the identity function. Thus, function g is a bijection. The dia-
gram illustrates the proof. B

N
4 A\

f(A-B)
f2A-B)
f3A-B)

e
L f(C) A-C
Vo
c
FIGURE 1

The set A is represented by the whole rectangle.

® PROBLEM 6-6
So far, we have considered the following cases:

1. If two sets A and B are equipotent, then
card A = card B. 1)

2. Set A is equipotent to a subset of B, but the set B is not equipotent to
any subset of A, then

card A < card B. 2)

The question is how two cardinal numbers, card A and card B, com-

pare when A is equipotent to a subset of B and B is equipotent to a sub-
set of A. Georg Cantor conjectured that in such a case

card A = card B. 3)

It was later independently proven by both E. Schroder and F. Bernstein.
Prove:

SCHRODER-BERNSTEIN THEOREM

If A and B are sets, such that A is equipotent to a subset of B and B
is equipotent to a subset of A, then A and B are equipotent, i.e.

card A = card B.
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SOLUTION:

Suppose A" CA and B; C B and
A,~B, B, ~A. )

Then two bijections exist
fi:tA—B;, and g;: B—A,. )

FIGURE 1

Let us define
fiA—=A; by fx)=gi(fi() O]

Then f is one-to-one. By the lemma proved in Problem 6-5, a bijection
g:A — A exists.

Therefore, since g : A — A, is a bijection and g;”! : A; — B is a bijection,
their composition

grlog:A—B @)
is a bijection. Hence, A ~ B and
card A = card B. 8)

® PROBLEM 6-7

Prove the following version of the Schroder-Bernstein theorem:

THEOREM
If card A = card B and card B s card A, then card A = card B.

SOLUTION:

We shall write card A = card B to mean card A < card B or card A = card B.
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Suppose two sets are given, A and B. By applying the Schroder-Bernstein
theorem, we conclude that one of three possibilities takes place:

card A < card B
or
card A > card B
or
card A = card B.
Hence, an immediate consequence of the Schroder-Bernstein theorem is
(cardA s card B

) = (cardA = card B
card B s card A

® PROBLEM 6-8

Prove that card NV is the smallest transfinite cardinal number.

SOLUTION:

The cardinal number assigned to a finite set is called a finite cardinal
number and the cardinal number assigned to an infinite set is called a transfi-
nite cardinal number. We already know two transfinite cardinal numbers,
card N and card R, where

card N < card R. (1)
Thus
0<1<2«<... <..?..<cardN<..?...<cardR ...2...
- [N v J
Finite Cardinal Numbers Transfinite Cardinal Numbers
FIGURE 1

Figure 1 illustrates the state of our knowledge about cardinal numbers. Each
question mark indicates that we are not sure if the respective cardinal number
exists.

Let A represent an infinite set. We shall apply the following:

THEOREM

Every infinite set contains a denumerable subset.
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Therefore, a set B exists, such that

BCA and B ~N. 2
Thus
card B =card N 3
and
card B = card A. 4)

We conclude, that for every infinite set A,
card N = card A. o)

The number, card N, is the smallest transfinite cardinal number. We can
eliminate one of the question marks; see Figure 2.

0<1<2< ... <card N< ...7...<cardR< ...7...
%—I [ v
Finite Cardinal Numbers Transfinite Cardinal Numbers
FIGURE 2

We shall eliminate the remaining question marks later.

® PROBLEM 6-9

Prove the following:

SOLUTION:
We shall apply the Schroder-Bernstein theorem. Since A C B C C, we have
B~BCC (€))
and
ACB. 2
But A ~ C, therefore
B~BCC 3)
C~ACB 4
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as shown in Figure 1.

FIGURE 1

By the Schroder-Bernstein theorem we conclude that C ~ B. Therefore, since
A~Cand C ~ B, we obtain A ~ B.

® PROBLEM 6-10

Show that the largest cardinal number does not exist.

SOLUTION:

Georg Cantor proved the following theorem:

CANTOR’S THEOREM
For any set X,
card X < card P(X). 1)

Remember that the power set P(X) of X is the set of all subsets of X.
Let X represent a set and P(X) its power set. Then, by applying Cantor’s
theorem

card X < card P(X). 2
Since P(X) is again the set, we have
card P(X) < card P(P(X)). 3)
By applying Cantor’s theorem, we obtain
card X < card P(X) < card P(P(X)) < ... 4)

Insuch a way, we can obtain a sequence of cardinal numbers.
By setting X = R, we obtain a sequence of transfinite cardinal numbers

card R < card P(R) < card P(P(R)) < ... 5)

Thus, there is no largest cardinal number.
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® PROBLEM 6-11

Let A and B represent sets. Prove that if A ~ B, then

card P(A) = card P(B).

SOLUTION:
Since A ~ B, a bijection exists
f:A—B. 2)
We shall show that a bijection exists
F : P(A) — P(B). 3
Let us define
F(X) = f(X) for all X € P(A). 4)
Since fis a bijective function, F is also. Hence,
P(A) ~ P(B). ©)

® PROBLEM 6-12

Let X represent a denumerable set. Prove that the power set P(X) of X is
nondenumerable.

SOLUTION:

We shall apply Cantor’s theorem. Suppose, on the contrary, that a denu-
merable set X exists, such that its power set P(X) is also denumerable. Then

card X = card P(X) (1)

but this contradicts Cantor’s theorem.
That completes the proof.

® PROBLEM 6-13

Prove the following:

CANTOR’S THEOREM
If A is a set, then
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card A < card P(A). 1)

SOLUTION:

If A = ¢, then card ¢ = 0 and card P(¢) = 1.
Suppose A = ¢. Let us define a function
f:A—P@) @
such that
fix) = {x} EPA) 3)
forall x EA.
Function f is one-to-one. Therefore, the sets A and {{x} : x € A} are
equipotent. But
{{x} : x €A} CPA). @)
Therefore,
card A s card P(A). o)

Now we must show that the sets A and P(A) are not equipotent, i.e. that card
A = card P(A). Assume, on the contrary, that the sets A and P(A) are equipo-
tent, hence a bijection exists

g:A — PQA). 6)
Let us define the set
T={xEA:x&gk)} @)
Since T € P(A) and g : A — P(A), an element a € A exists, such that
gla)=T. 8)

The existence of such an element leads to a contradiction. Because if a € T,
then a & g(a), according to the definition of T} on the other hand, g(a) = T
anda€T.

If a & T, then since g(a) = T, we have a & g(a) and a € T and conse-
quently, a € g(a).

That completes the proof of Cantor’s theorem.

® PROBLEM 6-14

Let o and 3 denote two cardinal numbers. Define their sum and show

that the sum is uniquely defined, i.e. is independent of the choice of
sets.
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SOLUTION:

The sum a + P of two cardinal numbers o and B is defined to be the
power of the union of two disjoint sets, which have the powers a and , re-
spectively.

We have

card A + card B = card (A U B), if A N B = ¢. (1)

The cardinal number assigned to set X we denote by card X.

Sometimes the other notations are used, like X, #X, etc.

In this definition, we employ two disjoint sets. Suppose A, and B; have
powers, card A; and card B, respectively. Then, the sets A and B exist, which
are disjoint and such that

card A; = card A and card B, = card B. 2
Indeed, suppose a = b are two distinct elements, then
A={a} x Ay, B={b} x By
and ANB=¢. (3)
Since
A, ~B,
A, ~B, = (A, UA,~B,UB,),
A NA,=B NB,=¢
we conclude that for every two cardinal numbers, their sum is uniquely
defined, that is, independent of the choice of sets A and B.

Remember that A ~ B indicates that sets A and B have the same power (are
equipotent).

® PROBLEM 6-15

Find the sum of cardinal numbers

card N + card N.

SOLUTION:

Let Np and N denote the set of odd natural numbers and the set of even
natural numbers. We have

NoNNg=¢ @)
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Ny CN, Nz CN 3)

NoUNg =N. 4
The sets Ny and N are denumerable. Hence,
card N + card N = card Ny + card N =

= card (Np U Ng) = card N. (&)

Similarly, card R + card R = card R. It is easy to show that card N + card R
= card R. Indeed

(0,1)~R and card (0,1) =card R. 6)
Let P=(0, 1) U N. Since N and (0,1) are disjoint sets,
card P = card (0,1) + card N = card N + card R . @)
On the other hand,
R~0,1)CP ®
and
P~PCR. )

According to the Schroder-Bernstein theorem,
P~R and card P=card N + card R = card R. (10)

The power of the set of natural numbers will be denoted throughout this
book by card N or by X (aleph-null).

® PROBLEM 6-16

Define the product of two cardinal numbers and show that the product is
uniquely defined.

SOLUTION:

Let o and 3 denote two cardinal numbers and let A and B represent two
sets, such that

cardA=a and card B = f. €))

Then, we define the product o - B of o and f to be the power of the Cartesian
product of sets A and B:

card A - card B =card (A x B). 2
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This definition is unique, in the sense that it does not depend on the choice of
sets A and B. Suppose A; and B, are two sets, such that

A“"Al and B~B1 (3)
Since the following holds
A~ A
= (Ax B~ A x B
(13~ lﬂ) ( : I) “

we conclude that the definition of the product of two cardinal numbers is
unique.

® PROBLEM 6-17

Show that
card N + card N = card N 1)

card N-card N = card N (2)
card N+ n=card N 3)

card N-n=card N )

where # is a natural number and card N is the power of the set of natural
numbers.

SOLUTION:

In Chapter 5, we proved the following useful theorem:

THEOREM

The union A U B of two countable sets A and B is countable.
Therefore, since the set of natural numbers is countable, we conclude that

card N + card N = card N %)

From this theorem, we conclude as well that
card N+ n=card N 6)

To prove (2) we shall apply:

THEOREM

The Cartesian product of two countable sets is a countable set.
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Therefore,
card N - card N = card N @)

and similarly,
card N - n = card N. 3)

® PROBLEM 6-18

Show that addition and multiplication satisfy the associative, commuta-

tive and distributive laws.

SOLUTION:

Since

AUBUCO=(AUB)UC and AUB=BUA
addition is associative and commutative.
oa+(B+y)=(a+p)+y
a+Bf=Pf+a €))
Similarly, since
AxBxC=@AxB)xC 2)

multiplication is associative.
By applying the following formula

A xB~B x A . 3)
we conclude that multiplication is commutative
a-B=p-oa. (4)
To prove the distributive law
a-B+y)=ap+o-y ©)
let us choose three sets A, B and C, such that
a=cardA, f=card B,y=card C 6)
where B N C = ¢. Then
Ax (BUC)=A x B UA x C @)
AxBNAxCO=AxBNO=¢ 6))
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and
card[A x BUC)]=cardA x B+cardA x C )

which proves (5).

® PROBLEM 6-19

Let x denote an arbitrary cardinal number. Compute the following cardi-
nal numbers:

1. Ox
2. 1x
SOLUTION:
1. Let X represent a set, such that
card X =x. 1)
Then
X x ¢=9¢. )
Hence

Ox=card ¢ - card X =

= card (¢ x X) = card ¢ = 0. 3)

2. Let {a} represent any set consisting of one element. Then the sets X and
X x {a} are equipotent

X~X x {a}. 4
We obtain
1x = card {a} - card X =

=card {a} x X=card X = x. 5)

® PROBLEM 6-20
I Which of the following theorems is true? I
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1. If x, y, z are cardinal numbers, such that x <y, then xz < yz.

2. Ifx, y and z are cardinal numbers, such that x <y, z =0, then xz < yz.

SOLUTION:
1. LetA, B, and C represent the sets, such that
cardA =x,cardB=y,cardC =z
Since
card A <card B
a one-to-one function exists, such that
f:A—B.
Letg: C — C, g(c) = c for every ¢ € C. Then function
F:AxC—=BxC
defined by
F(a, ¢) = (fa), g(c))
is also one-to-one. Therefore,
card(A x C)scard (B x C)
or
cardA -cardC=xzscard B-card C = yz

2. This theorem is not true. The following example proves why:
Let
x=1 y=z=cardN

then x < y but
xz=1-card N=card N and yz=card N card N = card N.

Hence xz = yz.

1)

)

)

(4)

©)

(6)

)

®)

® PROBLEM 6-21

Prove that

card R - card R = card R.
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SOLUTION:

In Chapter 5 we proved that the set of real numbers R and the open inter-
val (0, 1) are equipotent

R~ (0, 1). @
To evaluate card R - card R, let us note that
card R = card (0, 1) 3

cardR -cardR =

= card (0,1) - card (0,1) = card (0,1) x (0,1). 4

Hence, we have to compute card (0,1) x (0,1). To do it, a function f will be
defined, such that

f:(0.1) x (0,1)— (0,1) ©)

and f is bijective (i.e. one-to-one and onto).
Each x € (0,1) can be expressed by its infinite decimal expansion. For
example

2/, =0.28571428...

1/, = 0.4999999. .. 6)

We define f in the following manner:
x y€(0,1)

Jx y) = (xixox3...., y1yoys...) =

= XY 1Y 2X3Y3. - U]
It is easy to verify that such a function is one-to-one and onto. Thus
(0,1) x (0,1) ~(0,1) 8)
and
card (0,1) x (0,1) = card (0,1). ©)
From (4) and (9), we obtain
card R - card R = card (0,1) = card R. (10)

® PROBLEM 6-22

Let x and y denote cardinal numbers. Prove that

1. Ifxy=0thenx=00ry=0.
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|2. Ifxy=1thenx=1ory=1. I

SOLUTION:

1. LetA and B represent two sets, such that
cardA =x
cardB =y

then

xy=card(A x B)=0.

Hence A x B is an empty set
AxB=¢
From (3), we conclude that
A=¢ and B=¢.

Thus
cardA=x=0
cardB=y=0.

2. xy=cardA -card B =

=card (A xB) = 1.

1)

2

(€)

4)

©)

(©6)

Set A x B consists of one element. Thus, each of the sets A and B consists of

one element. We have
cardA=x=1

cardB=y=1.

SOLUTION:

Let us start with a definition:
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® PROBLEM 6-23

Define b? (ath power of b), where a and b are cardinal numbers, and jus-
tify this definition using an analogy with natural numbers.




DEFINITION

Let a = 0 and b denote cardinal numbers and A and B represent two sets
such that

cardA=a, cardB =b 1)
Then, we define b? by A
b = cardB V)]

where BA denotes the set of all functions from A to B.
Consider the finite case of two natural finite numbers m and n. Then

n*=n-n-n-...n,mtimes. ©)]

Let A represent a set with m elements and B a set with n elements.

~—

A

FIGURE 1

Each of the m elements of A has n choices for its image. The choices for each
element of A are independently made and, since A consists of m elements, there
are

n-n-n-...-n=n"

functions from A to B.
The definition of b? is a generalization of this concept.

® PROBLEM 6-24

Show that the definition of b? (see Problem 6-23) is independent of the

choice of representatives, A and B.
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SOLUTION:
We shall prove the following:

THEOREM
LetA, B, A", B’ represent sets, such that A ~A” and B ~ B”. Then
B'~p*

Proof:
Since A ~A” and B ~ B” are bijective functions, g and A exist

g:A—A’, h:B—B.

A » B

Y

F()

FIGURE 1

Suppose f: A — B is a function, f € BA. Let us define
F:B" -p*
byF(f):A”— B’
F(f) @) = h(fg'(x))) =h o fo g''().
Functions g and 4 are bijective, hence F(f) is bijective. Therefore,
A A
F:B —B

is bijective and

M)

@

©))

Q)

©)

©)

® PROBLEM 6-25

Show that for any set A

card P(A) = 2cardA,
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SOLUTION:

Let B = {0, 1}. To each subset X of A, X C A, we assign the characteristic
function

X,:A—>B )]

as follows:

1 if xeX
Xa(x) = { 0if xEA-X %)
and a one-to-one and onto mapping exists between the sets P(A) and BA.
Remember that P(A) is the set of all subsets of A, and BA is the set of all
functions from A to {0, 1}. To each subset X C A, X € P(A), we assign its
characteristic function X,, X, € BA. Two different subsets cannot have the same
characteristic function, hence mapping is one-to-one. Any characteristic

function uniquely defines a subset, hence mapping is onto.
Bijection exists between P(A) and BA. Thus

card P(A) = card BA 4
Since B = {0, 1}, card B = 2 and
card P(A) = 2cardA, )

® PROBLEM 6-26

Let a, x, and y denote cardinal numbers. Show that

aw=a").

SOLUTION:
First of all, let us choose the sets A, X, Y, such that

cardA =a
caardX =x
cardY =y

XNY=¢. ¥))]
From the definition of the sum of cardinal numbers, we have
caaAd XUY)=x+y. 3
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Now we shall show that the sets
AX x AYand AXVY

are equipotent.
Suppose f € AX and g € AY, then (f; g) EAX x AY. Then the function f U
g belongs to AX VY,
The union fU g is the function
fUg:XUY—>A @)
defined by
f(x) if xEX
ng(x)={g(x) if x€Y 6)

Thus, we have established a one-to-one and onto relationship between the
sets AX x AYand AXVY,
Hence,

cardAX x AY=a*a =

= card AXUY = gx+, 6)

® PROBLEM 6-27

Let a, x, and y denote cardinal numbers. Show that

(@) = a».

SOLUTION:
Let A, X, and Y represent sets, such that
cardA =a,cardX =x,cardY = y. 2)

We shall prove that the sets AX *Y and (AX)Y are equipotent. Letf: X x Y —
A represent a given function and b a given elementof Y, b €Y.
Then a function exists

fe:X—A 3)
defined by
f@a) = fia, b) @

forall a € X.
Now, let us define the function
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F: AX <Y > (4X)¥ )
such that to each f € AX * ¥, we assign the function
prE@AYHY (6)
defined by
pfb) =f* ()

forallbE€Y.
Function F is one-to-one and onto, hence the sets AX * Y and (AX)Y are
equivalent. Thus

(@) = a. ®)

® PROBLEM 6-28

Prove the following:

THEOREM

If a, b, and x are cardinal numbers, then
(ab)* = a*b*.

SOLUTION:
Let A, B, and X represent sets, such that
cardA =a,card B=b,card X = x. ¥))
We must prove that the sets (A x B)X and AX x BX are equipotent.
Recall that the A-projection
Pa:AxXB—A 3

is a function which assigns element a € A to each ordered pair (a, b) €
A x B. Let us define a bijection

F:(A x B - AX x BX, )
Function F assigns to each
FEAxBYX,f:X—>AxB )
a function defined by
(p4 of,ps 0f) EAX x BX, (6)
This assignment is one-to-one and onto (it can be easily verified), hence
(A x By~ AX x BX )]
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and
(ab)* = a*b~. )

® PROBLEM 6-29

2¢ardN = card R.

SOLUTION:

Recall that the symbols, card N and card R, denote the cardinal numbers
of the sets N and R, respectively. Equation (1) will be proven in two steps:
first we shall show that

2¢ard N > card R )
and then we shall prove
card R = 24 ¥, 3)
Let Q represent the set of rational numbers; then
N~Q. @
The function
f:R = P(Q) ®)
defined by
f)={y€Q:y<x} ©)

is one-to-one. Indeed, if x, x” € R and x < x’, then a rational number y € Q
exists, such that

x<y<x'. @)

The rational numbers are a dense subset of the set of real numbers.

Theny € f(x"), buty & f(x), thus, f(x) = f(x") and f is one-to-one.

For any two sets, A and B, card A < card B, if and only if an injection f : A
- B exists. Hence,

card R < card P(Q) = 2cad @ = Jcard N, 8)
To prove card R = 244N, define
F:{0,1}¥ >R ©)

such that
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F(H=0.A1)2)A3) ... (10)
where f: N — {0, 1}. F(f) is a decimal number consisting of 0’s and 1’s.

Function F is one-to-one. Suppose f, g €{0, 1}¥ and f = g, then F(f) = F(g)
because decimals defining F(f) and F(g) are different. Therefore,

card {0, 1}¥ < card R 11)

or
2eardN < card R (12)

Q.E.D.

® PROBLEM 6-30

card N < card R.

SOLUTION:

According to Cantor’s theorem (If X is a set, then card X < card P(X)) we
have

card N < card P(N). 2
For any set A, the following equality holds:
card P(A) = 2cardA 3)

(see Problem 6-25). Thus
card N < card P(N) = 2card¥ =

= card R. O]

® PROBLEM 6-31

Show that for any finite n = 2

ndN = (card N)**dN = card R.

SOLUTION:

We proved (see Problem 6-29)
card R = 2card N V)
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Since n = 2,
2card N < ncard N

and
nadN < (card N) card N,
In Problem 6-30, we proved
card N < 2card N,
Combining (2), (3), (4), and (5)
card R = 26ardN g peard N < (card N)card N < (2card Nycard N=
= pcardN - card N _

but card N - card N = card N (see Problem 6-19). Hence
2card N - card N — 9cardN = card R.

From (7), we conclude that
card R = n@d¥ = (card N)cad ¥,

€)

@

©)

©)

()

@®

® PROBLEM 6-32

Prove that:

1. cardC=card R

where C is the set of complex numbers.

2. cardR - card N = card R.

SOLUTION:

1. A complex number

zZ=Xx+iy
can be represented by an ordered pair
* )

where x and y are real numbers. Thus,
C~RxR
and

card C =card R -card R.
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From Problem 6-21
cardR -card R =cardR. (6

Hence
card C = card R. M

2. Itis easy to verify that
cardR scardR-card N scardR -card R = card R. ©®

Therefore
cardR -card N = card R. ¢

® PROBLEM 6-33

In Problem 6-21, we proved
cardR -card R =card R. (1)

Using
2¢ardN = card R ¥))
prove (1).

SOLUTION:

For three cardinal numbers a, b, and ¢
ab ac = ab +c (3)

(see Problem 6-26).
Thus, from (2) and (3), we obtain

card R - card R = 2¢ardN QcardN = Jcard N + card N
=2¢cadN = card R. )
Note that in Problem 6-15 we proved

card N + card N = card N. ()]
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® PROBLEM 6-34

Let
F={f:f:R—R} 1)

represent a set of all functions from R to R. Compare the cardinal num-
bers, card F and card R.

SOLUTION:

According to the definition of exponentiation of cardinal numbers, we
have

card F = card RR = (card R)adR (¥))
(see Problem 6-23).
Since
2card N = card R 3
(2) leads to
card F = (card R)card R = (2¢ard Nycard R -
= card N -card R_ @)
From Problem 6-32, we obtain
card N-card R = card R )
therefore
card F = 2cadR, 6)
According to Cantor’s theorem (for any set X, card X < card P(X)) and
card P(X) = 2card X @)
we find setting X = R
2card R = card P(R) > card R. ®
From (6) and (8), we obtain
card F = 2¢dR > card R. Q)

® PROBLEM 6-35

Prove that

card C(R, R) =card C(Q, R) =
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= card K(R, R) = card R (1)

where C(R, R) and C(Q, R) are the sets of continuous real-valued func-
tions with domains R and Q, respectively. The set of all real-valued con-
stant functions with the domain R is denoted by K(R, R).

SOLUTION:

Note that the each function f: R — R a function corresponds f| 0 : Q —
R, such that for all x € Q, f(x) = f| Q(x). Function f| Q is the restriction of f
to Q. We denote this correspondence by

F : C(R, R) — C(Q, R). o)

The restriction of a continuous function is a continuous function. We show
that F is one-to-one. Indeed, let f, g € C(R, R) denote such that for allx € Q

fx) = g(x). ©)

Let x” be any real number, x’€ R. Then a sequence (x,) € Q of rational num-
bers exists, such that

"li_r.r:o X, =x e))
Since both fand g are continuous
fix’) = g(x"). ©)
Therefore, f = g. Function F is injective, thus
card C(R, R) s card C(Q, R). ©6)

On the other hand,
card C(Q, R) = card RQ = (card R)<dN =

= (2card N)cardN =2cardN — card R. (7)
From (6) and (7),
card C(R, R) s card C(Q, R) s card R. 8)

Consider the set K(R, R). To each real number p € R, a constant function cor-
responds

f,:R—R ©
such that for all x ER, f,(x) = p. Thus
card K(R, R) = card R. (10)

Each constant function is continuous
K(R, R) CC(R, R). 1)
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Hence

card R = card K(R, R) scard C(R, R). (12)
We conclude from (8) and (12) that
card R = card C(R, R) = card C(Q, R) = card K(R, R). (13)

Surprisingly, there are as many constant functions as continuous func-
tions.

® PROBLEM 6-36

Let D(R, R) represent the set of all differentiable real-valued functions.
Show that

card D(R, R) = card R. 1)
SOLUTION:
Each differentiable function is continuous
D(R, R) CC(R, R). 2)
Hence
card D(R, R) s card C(R, R) =card R 3)

(see Problem 6-35).
Each constant function is differentiable

K(R, R)CD(R, R) 4)
hence
card R = card K(R, R) s card D(R, R) )
(see Problem 6-35). Thus
card D(R, R) = card R. 6)

® PROBLEM 6-37

The so-called classic Hilbert space, H, consists of all infinite sequences
(x1, X2, X3, ...) ; X4k ER;KEN (1)

such that the series

2
2o+ 2+ X+

2

converges. Find card H.
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SOLUTION:

Define function

f:R—H ©)
such that for every x E R
fx)=(x0,0,0,...). ()
The infinite sequence belongs to the Hilbert space, H,
(%0,0,...)EH. )
Function f is an injection, hence
card R < card H. (6)
On the other hand,

card H < (card R)cardN = (2card N)cardN =

= 2cardN - card N — pcardN = card R. (7)
From (6) and (7), we conclude that
card H = card R. (8)

® PROBLEM 6-38

Compare the cardinal numbers of these two sets:

1. The set of all infinite sequences
(xl’ X2, X3, .. ) (1)

of real numbers, denoted by Reard¥,

2. The set of all infinite sequences of integers.

SOLUTION:
The cardinal number of the set of all infinite sequences of integers is
(card N)card N, )]
From Problem 6-31, we obtain
(card N)cad¥ = card R. )

The cardinal number of the set Re2d ¥ js
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card ReadN = (card R)cdN 4)
Equation (4) leads to
(card R)mrdN = (2card N)cardN = 2card N - card N —
= 2¢adN = card R. Q)
Therefore, both sets have the same cardinal numbers. Sometimes, points

(x1, x2, X3, ...)

where all x;’s are integers are called lattice points.

® PROBLEM 6-39

Compare the cardinal numbers of the following sets:

1. The set of all functions of one real variable, which assume values of
Oorl.

2. The set of all real-valued functions of n real variables.

SOLUTION:
Consider the set of all functions
fx) = {f f:R —{0,1}.
The cardinal number of this set is
card 2R = 2¢ard R, )
The cardinal number of the set of real-valued functions of # real variables
f:R*—>R @
is
card RRn = card Rca'dR" 3)
Since
(card R)* = card R “4
we have

cal_dRcardR = card RcardR - (2cardN)cardR (5)

but
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card Ncard R = card R ©)

hence

cardR " cardR

card R =2 @

Both sets have the same cardinal number.

® PROBLEM 6-40

Explain the continuum hypothesis and the generalized continuum hy-
pothesis.

SOLUTION:

We recall briefly the major facts concerning cardinal numbers. There are
finite cardinal numbers (which are non-negative integers) and transfinite car-
dinal numbers. The smallest transfinite cardinal number is card N (denoted X,
aleph-null). There is no largest cardinal number. Let us denote card R = ¢

O<1<2<... < Np<...<Cc<...<2¢<...
e b v 4
finite cardinal numbers transfinite cardinal numbers

X
We proved that X /<2 "=c.

The following question posed by Cantor is known as the continuum
problem: Is there a cardinal number that lies between X, and ¢? Many
mathematicians have spent many hours trying to solve this problem. Nobody
has found a set A, such that card A = a and X < a < c. Hence, the hypothesis
is that such a set does not exist.

CONTINUUM HYPOTHESIS

There is no cardinal number p, such that
R
R,<p<c=2 ‘.

A similar question exists for any transfinite cardinal number: Is there a
cardinal number that lies between a transfinite cardinal number p and 2P? This
question has not been answered.

For any transfinite cardinal number p, no cardinal number r has been found,
such that p < r < 2P. Thus:
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GENERALIZED CONTINUUM HYPOTHESIS

For any transfinite cardinal number p, there is no cardinal number r, such
that

p<r<?2,

® PROBLEM 6-41

Do we know the solution of the continuum problem?

SOLUTION:

The continuum problem was formulated by Cantor in 1880. It became
one of the most famous unresolved mathematical problems. On Hilbert’s list
of 23 mathematical questions with no answers, it occupied first place. (This
list was announced in 1900 at the International Congress of Mathematicians
in Paris.)

In 1938, Kurt Gddel proved that the generalized continuum hypothesis is
consistent with the axioms of set theory. What this means can be explained
as follows: Consider two systems of axioms

A - axioms for set theory, and

B — all axioms of A with the generalized continuum hypothesis added.
Any contradiction that might be implied by system B could be formu-
lated as a contradiction implied by system A.

Later, P.J. Cohen proved that the negation of the continuum hypothesis is
also consistent with the axioms for set theory. Thus, both the continuum and
generalized continuum hypotheses are independent of the other axioms for
set theory. They cannot be proved or disproved on the basis of these axioms.

W. Sierpinski has shown that, if the generalized continuum hypothesis is
added as an axiom to the axioms of set theory, then the axiom of choice
becomes redundant. It can be derived from the generalized continuum hy-
pothesis and remaining axioms.

The situation is that the generalized continuum hypothesis is not provable
on the basis of the axioms of set theory. We may postulate the generalized
continuum hypothesis or deny it and, in either case, obtain a consistent
mathematical theory.
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